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 A B S T R A C T

Grain growth (GG), mediated by grain boundary (GB) migration, is a fundamental mechanism of microstructure 
evolution in polycrystalline materials. GB migration is frequently accompanied by a relative shear displacement 
of grains meeting at GBs, a phenomenon known as shear-coupling. This coupling induces internal stresses 
within the microstructure, which recent studies have shown to play a decisive role in dictating microstructure 
evolution and GG pathways. This work provides a detailed characterization of the statistical features of two-
dimensional GG in the presence of GB shear-coupling through continuum modeling of GB migration that 
incorporates fundamental microscopic mechanisms and diffuse-interface simulations. We demonstrate that 
incorporating shear-coupling produces a more heterogeneous, less equiaxed microstructure than conventional 
curvature-driven GG, while yielding topological and geometric properties consistent with experimental and 
atomistic observations. We further demonstrate that as grain grows in this regime, internal stress relaxes. 
Highly stressed grains shrink faster, and lightly stressed grains grow faster than other grains. These findings 
demonstrate that internal stress, an intrinsic feature of GG, profoundly changes essential features of GG 
microstructure and kinetics, consistent with experiments and atomic-scale simulations. Moreover, we discuss 
their implications for GG regimes and scaling behavior.

1. Introduction

Polycrystals are the most common type of engineering material, 
composed of crystalline domains (grains) with different crystallographic 
orientations separated by grain boundaries (GBs). The size, morphol-
ogy, and topology of grains critically influence macroscopic material 
properties. Among the various mechanisms of microstructure evolution 
in polycrystals, grain growth (GG) plays a particularly prominent role. 
It occurs during thermal and thermomechanical treatments over a 
wide range of temperatures and length scales and is often deliberately 
exploited to engineer the grain size distribution and crystallographic 
texture, or suppressed to stabilize fine-grained microstructures.

The primary driving force for GG is capillarity. Since GBs are crystal 
defects with a positive excess energy, they migrate, particularly at 
elevated temperatures, to reduce the total GB area. This driving force 
leads to GB migration towards their centers of mean curvature; this 
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is mean curvature or capillarity-driven flow. Microstructure evolution 
during isotropic GG has been well characterized over the past several 
decades (e.g., see [1]). Anisotropic GB energies and mobilities produce 
weighting factors on the curvature, amongst other effects such as 
faceting. The collective outcome of this GB migration is a progressive 
decrease in the number of grains and a corresponding increase in the 
average grain volume, as established by classical theories of normal 
GG [2–5] (the effect of GB anisotropy on GG has also been examined [6,
7]). A number of experiments, atomistic simulations, and analyses, 
however, point to additional effects which cannot be simply ascribed to 
anisotropic GB energy or mobilities, including stress-driven GG [8–10] 
and grain rotation during GG [11–14], and effective mobilities poorly 
correlating with GB degrees of freedom [15,16].

Grain boundary migration is often accompanied by shear transla-
tions of one grain relative to another across GBs, a phenomenon known 
as shear-coupled migration [17]. This phenomenon is mechanistically 
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described by the flow of line defects that glide along GBs and have step 
and/or dislocation character, namely disconnections [18–20]. The step 
nature of disconnections describes GB curvature, and their motion leads 
to curvature flow. Moreover, disconnection motion generates internal 
stress and couples to external stress owing to their Burgers vectors [21]. 
Disconnections have been widely observed on GBs [22,23] and het-
erophase interfaces [24–26]. The generation of internal stresses within 
the microstructure during GG has been observed in experiments [14,27] 
and atomistic simulations [28,29].

Phenomenological models have been developed to incorporate the 
effects of mechanical stress into GB migration and to assess its impact 
on GG. In one class of approaches, GBs are modeled in terms of 
geometrically necessary dislocations (GNDs), which can describe grain 
rotation and stress-driven GG [30,31]. Other formulations explicitly 
account for dislocation densities stored within grains, such that differ-
ences in the associated elastic energy across a GB act as an additional 
thermodynamic driving force for GB migration [32]. Elastic energy con-
tributions associated with shear-coupled GB migration have also been 
introduced by effectively assigning a shear-coupling factor to individual 
grains, resulting in a shear-coupling ‘‘jump’’ at the boundary [33] and 
have been included in reduced-order modeling of microstructure evolu-
tion [34]. We recently extended a bicrystallography-respecting descrip-
tion of disconnection-mediated GB migration to microstructure evolu-
tion [35,36]. This framework uniquely enables the study of relatively 
large microstructures consistent with observed microscopic mecha-
nisms of GB migration. This work demonstrated that GB shear-coupling 
and the resulting internally generated stresses are essential ingredients 
for a realistic description of GG, in quantitative agreement with both 
experimental observations and atomistic simulations [37].

Despite this significant progress, a comprehensive understanding of 
how internal and external stresses shape GG and its microstructures, 
as well as how internal stresses evolve in space and time, remains 
lacking. Large-scale characterization of GG has been effectively de-
scribed through statistical analyses of the geometric and topological 
properties of the microstructure [38]. Such characterizations have been 
extensively reported from experimental measurements [39–41]. On the 
theoretical and numerical side, capillarity-driven microstructure evo-
lution has been investigated using Monte Carlo Potts model [42–44], 
phase-field methods [45–47], and front-tracking simulations [1,48–50]. 
Nevertheless, systematic discrepancies persist between microstructure 
statistics obtained from experiments or atomistic simulations and those 
predicted by classical curvature-driven models [41,46,51,52], point-
ing to missing physical ingredients that are required for a realistic 
description of GG.

In this work, we focus on the question ‘‘how do shear-coupling phe-
nomena affect grain growth?’’ To this end, we perform two-dimensional 
simulations of microstructure evolution both with and without shear-
coupling and compare the resulting GG behavior. Since microstructure 
evolution is influenced by the coupling of stress and GB migration, we 
examine the effects of both internal stress (generated by shear-coupling 
and varying spatially through the microstructure) and external/applied 
stress (uniform through the material) on GG. In real materials, GG may 
also be strongly influenced by other effects, such as solute drag. The 
stresses may additionally arise from plastic deformation within grains, 
phase transformations, anisotropic elasticity, . . .We do not include 
these factors in our simulations since their impact would cloud the in-
terpretation of the shear-coupling effects on GG, the central focus of this 
work. Although such effects may play important roles in microstructure 
evolution and could be incorporated through extensions of the present 
simulation framework and/or atomistic simulations, this is beyond the 
scope of the present work.

2. Methods

We exploit a multi-phase field (PF) model that reproduces GB migra-
tion following the equation of motion in the presence of disconnection 

flow [35,53], as proposed in our earlier studies [36,37]. In brief, 
the polycrystalline microstructure is characterized by a set of order 
parameter fields ⌘(x) = {⌘1(x), ⌘2(x),… , ⌘i(x),… , ⌘Ng (x)}, where x À
⌦ œ R2 and Ng is the total number of grains. The order parameter ⌘i
represents the local volume fraction of grain i; hence, a local constraint 
must be imposed [54,55]: ≥Ng

i=1 ⌘i(x) = 1. Inside grain i, ⌘i = 1 and ⌘j = 0
for j ë i. At the GB between grains i and j, ⌘i⌘j > 0, and ⌘k = 0 for 
k ë i, j. At the triple junction (TJ) among grains i, j, and k, ⌘i⌘j⌘k > 0, 
⌘h = 0 for h ë i, j, k.

Following the multi-phase-field formulation established by Stein-
bach and co-workers for capillarity-driven evolution [54,55], and sub-
sequently extended to incorporate shear-coupling [36,37], the evolu-
tion of the order parameter field ⌘i is given by
)⌘i
)t

=
Ng…
j=1

Mij
�
fGB + fbulk + felastic

�
, (1)

fGB = �ij
4
⌘j(2⌘i * ⌘i(2⌘j *

⇡2

2"2
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"
˘
⌘i⌘j

�
 j *  i

�
, (3)

felastic = ⌧ � �(i,j)
ÛÛÛ(⌘j

ÛÛÛ
⌅
Çn(⌘i) � Çn(⌘j )

⇧
, (4)

where Mij and �ij refer to, respectively, the mobility and GB energy 
density of the GB between grains i and j, " is a parameter related to the 
GB thickness in the diffuse-interface description, and  i and  j are the 
bulk free energy densities of grains i and j. In the absence of the elastic 
driving force felastic, the GB dynamics reduces to mean-curvature flow, 
thus reproducing the overall evolution associated with decreasing GB 
energy, as discussed elsewhere [47,55]. The vector ⌧ encodes the shear 
stresses resolved to the reference GBs, with ⌧ í (⌧(k), ⌧(k+1)), where k
and k+1 index the low-energy reference GBs (chosen from a prescribed 
set) whose inclinations are closest to that of the GB between grains i
and j [35]. The vector �(i,j) í (�(k)(i,j), �

(k+1)
(i,j) ) contains the shear-coupling 

factors corresponding to the reference GBs. The vector ⌧ is given by the 
superposition of internal stresses (int) and externally applied stresses 
(ext): ⌧ = ⌧ int+⌧ext. Here, ⌧ext is a constant and ⌧ int is computed as the 
stress field generated by a distribution of disconnections, characterized 
by their shear-coupling factors, along the entire GB network, following 
the formulation developed in our previous studies [35–37].

The 2D polycrystalline microstructures in our simulations are as-
sumed to be a cross-section through a Í110Î columnar microstructure 
of a face-centered cubic (FCC) material. For this polycrystal, GBs can 
be described in terms of an inclination between two symmetric tilt GBs 
(with normals [001] and [1 Ñ1 Ñ2]); i.e., a two-reference system descrip-
tion [35]. The local GB shear-coupling factor vector �(i,j) is determined 
by the GB misorientation angle �✓ij = ✓i * ✓j (the inclination de-
pendence is automatically accounted for in the two-reference system 
description) according to [21]:

�(1)(i,j)(�✓ij ) =

h
n
n
n
l
n
n
nj

2S tan
0�✓ij

2

1
, 0 f �✓ij < ↵1

2S tan
0�✓ij * ↵0

2

1
, ↵1 f �✓ij < ↵2

2S tan
0�✓ij * ⇡

2

1
, ↵2 f �✓ij < ⇡

, (5)

�(2)(i,j)(�✓ij ) = �(1)(i,j)(⇡ * �✓ij ), (6)

where �(1)(i,j) and �(2)(i,j) are the shear-coupling factors of the two symmetric 
reference GBs, ↵0 = 2 tan*1(

˘
2) (i.e., the misorientation angle of an 

incoherent twin GB in FCC), ↵1 = 7⇡_18, ↵2 = 5⇡_6, and S is a scaling 
factor (see below).

The parameters used in this work are summarized in Table  1. We 
consider four simulation cases: (i) GG driven by curvature flow without 
internal stress (�), (ii) GG driven by curvature flow and internal stress 
(� , �int), (iii) GG driven by curvature flow, internal stress, and applied 
shear stress (� , �int, �ext12 ), and (iv) GG driven by curvature flow, internal 
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Table 1
Dimensionless parameters used in the simulations. In the first column, �, �int, and �extij  are labels identifying 
different simulation settings: � indicates the case with isotropic GB energy, �int indicates the case in which internal 
stress is included, and �extij  indicates the case in which an external stress with a nonzero ij component is applied.
 Case GB energy, � GB mobility, M Shear modulus Nonzero component of applied stress 
 � 1 ⇡2_(2") ˘ 0.1 0 –  
 � , �int 1 ⇡2_(2") ˘ 0.1 6 –  
 � , �int , �ext12 1 ⇡2_(2") ˘ 0.1 6 �ext12 = 0.3  
 � , �int , �ext11 1 ⇡2_(2") ˘ 0.1 6 �ext11 = 0.3  

Fig. 1. (a) Mean grain size (area) ÍAÎ vs. time t during grain growth. Each curve is averaged over 10 independent PF simulations with and without internal 
stress (�int) and applied external stress (�ext). The shaded regions indicate the standard deviation. (b) Initial microstructure (with a white GB network and colored 
orientation ✓ field) of a typical 1000-grain polycrystal. All microstructures are shown at the same mean grain area ÍAÎ ˘ 1 ù 105 (indicated by the horizontal 
dashed line in (a)), which evolved from the initial microstructure in the cases (c) of mean curvature flow (�), (d) with �int and no �ext, (e) with �int and applied 
shear stress �ext12 , and (f) with �int and applied tensile stress �ext11 . (For interpretation of the references to color in this figure legend, the reader is referred to the 
web version of this article.)

stress, and applied tensile stress (� , �int, �ext11 ). The dimensionless pa-
rameters employed in the simulations are chosen to be approximately 
representative of aluminum. However, in this study we explicitly as-
sume isotropic GB energies in order to isolate how shear-coupled GB 
migration modifies conventional mean-curvature flow (i.e., the von 
Neumann–Mullins relation). We set S = 0.033 to account for the 
observation that shear-coupling factors in polycrystals are smaller than 
those in bicrystals (by roughly this amount, associated with activa-
tion of multiple disconnection modes induced by the TJ constraints); 
see [22,27,28].

We employ the following non-dimensionalization of variables in the 
simulations: (length) Éx = x_a0, (time) Ét = tM0�0_a20, (GB mobility) 
ÉM =M_M0, (stress) É� = �a0_�0, (bulk energy density) É =  a0_�0, and 
(GB energy) É� = �_�0, where a0 = 1 nm and �0 = 1 J/m2. The simulation 
cell is chosen to be square and is discretized into 250 ù 250 grid 
points with uniform discretization �x1 = �x2 = "_5 = 10. Numerical 
simulations are performed by integrating Eq. (1) with time steps �t = 10
via a simple finite-difference scheme.

The initial microstructures for PF simulations are Voronoi tessella-
tions generated from 1000 randomly distributed (Poisson-distributed) 
points; an example is shown in Fig.  1(b). For each case of simulation 
settings, we generate 10 independent initial microstructures with ran-
domly distributed GB networks and grain orientations; e.g., see Fig. 
1(b). The results reported below are averages over the evolution of 
these 10 independently generated initial configurations.

3. Results

3.1. Grain size evolution

We first illustrate the impact of internal stress and applied external 
stress on GG; namely, the scaling of grain size with time in four 
different simulation cases as mentioned above. Fig.  1 shows the evo-
lution of the mean grain area ÍAÎ during GG, along with the evolving 
microstructures, for the four cases.

Fig.  1(a) shows that including internal stresses accelerates GG, and 
applying external (both shear and tensile) stresses accelerates it further. 
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Table 2
Fitting parameters of the mean grain area vs. time data in the 
form ÍAÎ = KAtnA .
 Case KA nA  
 � 9.460 ± 0.247 1.006 ± 0.003 
 � , �int 4.429 ± 0.073 1.125 ± 0.002 
 � , �int , �ext12 3.022 ± 0.094 1.201 ± 0.003 
 � , �int , �ext11 3.565 ± 0.092 1.157 ± 0.003 

Fig. 2. Probability distribution of growth rates of individual grains in the cases 
(a) of curvature flow � (gray diamonds) and with internal stress � , �int (red 
circles), and with additional applied external (b) shear stress � , �int, �ext12  (blue 
squares) and tensile stress � , �int, �ext11  (green stars). (For interpretation of the 
references to color in this figure legend, the reader is referred to the web 
version of this article.)

This is consistent with the experimental observation of stress-driven 
GG [8,9].

The evolution of mean grain size is commonly fitted to a power 
law ÍAÎ = KAtnA , where KA is a constant and nA is known as the GG 
exponent; the best fit parameters for our data are shown in Table  2. 
Normal GG (i.e., mean curvature flow) in an isotropic system leads to 
a GG exponent nA = 1, in agreement with conventional GG theory [2]. 
However, when internal stresses, generated during GG, are included 
in the simulations, the GG exponent increases to nA ˘ 1.125; i.e., the 
rate of GG increases with time (we return to this observation in the 
Discussion). Application of an external (shear or tensile) stress further 
increases the GG exponent; this effect is more pronounced for applied 
shear than tension. Interestingly, while application of an external stress 
increases the GG exponent nA, it lowers the GG prefactor KA by an even 
greater factor. This is consistent with the well-known compensation 
effect in GG [56].

In the 1950s, von Neumann and Mullins [3,4] showed that mean 
curvature flow leads to the rate of growth of any grain (of area A) in a 

polycrystal described by 
ÜA í dA

dt = *2⇡M�
⇠
1 * 1

6N
⇡
, (7)

where N is the number of neighbors/sides of grains (this has been 
extended to all dimensions [5]). Hence, the distribution of GG rates 
during isotropic mean curvature flow P ( ÜA) is discrete. This is con-
sistent with our curvature flow PF simulations (see Fig.  2(a)) with 
minor broadening associated with the diffuse-interface nature of this 
simulation method. However, when internal stresses are included in the 
simulation, the GG rate distribution is completely different, as seen in 
Fig.  2(a). That is, with internal stresses, the growth rate distribution 
is completely smooth, with no remnants of the delta-function-like 
distribution associated with mean curvature flow and the classic von 
Neumann–Mullins relation. The smooth form of the GG rate distribution 
survives the application of external stresses, as seen in Fig.  1(b). Inter-
estingly, the application of a shear stress shifts the GG rate distribution 
towards smaller growth rates, while the application of a tensile stress 
leaves it unchanged relative to curvature flow alone (Fig.  1(b)).

3.2. Microstructural topology and geometry

Figs.  1(c)–(f) show microstructures with a mean grain size of ÍAÎ ˘
1 ù 105 that evolved from the same initial configuration in Fig.  1(b) 
for the four simulation cases. As expected from the assumptions of 
elastic isotropy and isotropic GB energies and mobilities, the texture 
remained random throughout the simulations. Still, while all of the 
microstructures appear very similar (i.e., GBs meet at 120˝, 6 sides per 
grain on average, . . . ), there are also notable differences; e.g., the GBs 
appear more curved, and grains are less equiaxed when stress effects 
are included. In this section, we characterize the effects of internal and 
external stresses on the geometrical and topological features of evolved 
microstructures.

The topological characteristics of a 2D microstructure are commonly 
described by the probability distribution of the number of grain neigh-
bors (or sides), P (N). In PF simulations, P (N) peaks at N = 6 when 
GG is driven solely by mean-curvature flow (see the solid line in Fig. 
3(a)), consistent with previous independent numerical studies, such as 
the front-tracking (sharp-interface) results shown by the thick dashed 
line in Fig.  3(a) [1]. (Note, the front-tracking simulations are based 
on a thousand times as many grains as our PF simulations, so they 
should be viewed as more accurate than our PF results; nonetheless, 
the agreement is excellent.) When GB shear-coupling and internal stress 
are included, the peak of P (N) shifts from N = 6 to N = 5 (see 
Fig.  3(b)). Comparison of the PF GG simulations results with experi-
ment [40,41] and diffusive-timescale ‘‘atomistic’’ (phase field crystal, 
PFC) simulations [52] shows very good agreement only when internal 
stresses are included. In particular, note that the peaks in the side 
distributions obtained from the experiments, atomistic simulations, and 
PF simulations with internal stress included are all at N = 5 (Fig.  3), 
rather than N = 6 (see Fig.  3(a) for two sets of mean-curvature flow 
simulations).

Another common descriptor of the microstructure is the grain 
size distribution (probability distribution of the reduced grain size), 
P (R_ÍRÎ), where R =

˘
A. For isotropic curvature-driven GG, P (R_ÍRÎ)

exhibits two peaks, at R_ÍRÎ ˘ 0.9 and 1.2 (observed both in our PF 
simulations and in front-tracking simulations [1]); see Fig.  4(a). When 
GB shear-coupling and the resulting internal stress are included, these 
two peaks merge and shift towards a smaller grain size, R_ÍRÎ ˘ 0.8, as 
shown by the red curve in Fig.  4(b). Experiments and PFC simulations 
also display single-peak distributions, with peak locations in the range 
0.7–0.8, cf. the red curve and the discrete symbols (circles [51], 
squares [41], and crosses [52]) in Fig.  4(b). When an external stress is 
applied, the grain size distribution retains the single peak; see Fig.  4(c). 
An applied shear has a much larger effect on the grain size distribution 
than the same magnitude tensile stress (Fig.  4), shifting the grain size 
distribution towards smaller grain size.
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Fig. 3. Probability distributions of number of neighbors (N) of individual 
grains during GG described by (a) � (curvature flow), where the solid and 
dashed lines represent the results from the present and previous front-tracking 
modeling work [1], respectively; and (b) Case � , �int, where the orange 
circles, green squares, blue crosses, and the red line are the results from GG 
experiments in an Al thin film [40,41], PFC simulation [52], and the present 
work, respectively. (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)

We also examine several other descriptors of the grain geometry; 
i.e., the probability distribution of the grain roundness P (‚), with 
the roundness defined as ‚ = 4⇡A_C2 (Figs.  4(d)-(f)), the reduced 
grain perimeter P (C_ÍCÎ) (Figs. S4a-c in supplementary material, SM), 
and the reduced GB length distribution P (L_ÍLÎ) (Figs. S4d-f in SM). 
All linear measures of grain size (R, C, L) show the same trends 
with respect to the comparison of the curvature flow results and the 
inclusion of internal (and external) stresses (cf. Figs.  4 and SM Fig. S4). 
The roundness is a measure of compactness of the grain shape (i.e., how 
close the grain is to a circle). As seen in Fig.  4(e), the grain roundness 
distribution for isotropic curvature flow has a relatively sharp single 
peak with a maximum near ‚ = 0.88; this distribution broadens and 
shifts to smaller roundness (peak at ‚ = 0.84 when internal (and 
external) stresses are included in the PF simulations. Overall, we find 
that GG microstructure becomes more inhomogeneous in the presence 
of shear-coupling.

To quantify the degree of inhomogeneity, we examine several geo-
metric properties of the simulated microstructure vs. mean grain size 
(or, equivalently, time – Fig.  1(a)); see Fig.  5. To describe the degree 
of GB faceting in the microstructure, we first calculate the degree of 
faceting of each GB as ��_�c [57] with 

�� = �c *   min
k

ÛÛÛ�(s) * �
(k)(s)ÛÛÛ ds

^

  ds, (8)

where the integral over s is along an entire GB, �(s) = arccos(Çl(s) � e1) is 
the local inclination angle (Çl(s) is the local tangent vector), and �(k) = 0

for k = 0 and �(k) = ⇡_2 for k = 1. �c is the critical inclination 
angle when the GB is perfectly faceted, i.e., GBs are fully faceted 
when ��_�c = 1, whereas ��_�c = 0 corresponds to the absence of 
faceting. It is important to note that GB facets correspond roughly to 
the reference interfaces for shear-coupling. Note that for GBs with any 
anisotropy, these reference interfaces are highly coherent, relatively 
low-energy GB planes (corresponding to cusps in the GB energy versus 
inclination). Even though the GB energies are isotropic, the GB shear-
coupling factors are anisotropic (inclination-dependent). This type of 
shear-coupling-induced faceting need not be consistent with that from 
anisotropic GB energies (i.e., the Wulff construction) [57]. This is con-
sistent with the observed lack of consistency between facet orientations 
and GB energy anisotropy in experiment [58].

As seen in Fig.  5(a), the average degree of faceting Í��Î_�c remains 
near constant under curvature flow conditions. When internal stress 
and/or applied external stresses are included, GBs rapidly begin to 
facet, and the degree of faceting tends to increase over time. Since 
external stress drives GB motion in a direction that does not necessarily 
favor faceting, the degree of faceting under external stress (blue squares 
and green stars) is slightly smaller than that obtained when only 
internal stress is considered (red circles).

We also investigate the average grain aspect ratio ÍARÎ (the best 
fit of each grain shape to an ellipse is determined, and the aspect 
ratio is the ratio of the major and minor axes); the deviation of grain 
aspect ratio from perfect equaixed morphology (ÍARÎ * 1) is shown in 
Fig.  5(b). Similar to the degree of faceting, the aspect ratio appears to 
approach a steady state in the case of curvature flow. However, when 
internal stresses are included in the microstructure evolution, ÍARÎ* 1
increases, consistent with the larger number of elongated grains visible 
in Fig.  1(d); external stress further amplify this effect (cf. Figs.  1(d)-
(f)). This demonstrates that GB shear-coupling induces the formation of 
elongated grain shapes, even in the isotropic GB limit. This observation 
offers significant implications for interpreting experimental observation 
where anisotropic grain morphologies cannot be predicted from the 
GB energy anisotropy alone [7,59]. A related geometric quantity is the 
average grain roundness Í‚Î; grains with larger aspect ratios naturally 
exhibit lower roundness. We plot the degree by which the grain shape 
deviates from being perfectly circular Í�‚Î = 1 * Í‚Î in Fig.  5(c). 
Consequently, the ranking of the average deviation from a circle for 
the four cases is: Í�‚Î� ,�int ,�ext12

> Í�‚Î� ,�int ,�ext11
> Í�‚Î� ,�int ∏ Í�‚Î� .

Our analysis of the various topological and geometric properties 
of the evolving microstructure shows that internal and applied ex-
ternal stresses drive pronounced deviations from an equiaxed grain 
morphology, leading instead to more elongated grains and increased 
inhomogeneity in the distributions of grain size, grain perimeter, and 
GB length.

3.3. Internal stresses within microstructures during grain growth

Given that internal stresses strongly modify GG, it is natural to ask: 
how do internal stresses evolve? Fig.  6 shows the temporal evolution of 
the average internal von Mises stress, Í�vMÎ. Fig.  6(a) shows that Í�vMÎ
decrease continuously during GG. To quantify this behavior, we fit the 
internal stress dependence on the mean grain size through Í�vMÎ =
K�ÍAÎ*n� ; the best fit parameters are shown in Table  3 and the fit is 
very good. Examination of Fig.  6(a) and the fact that n� > 0 show that 
the stress in the microstructure decays as grains grow; as the density 
of GBs tends to zero, so does the stress (recall that GB motion is the 
source of the internal stress through GB shear-coupling). It is interesting 
to observe that, with shear-coupling, the average internal stress decays 
roughly as Í�vMÎ Ì ÍRÎ1_4 (while suggestive, we do not have a good 
model for such a relation). The relaxation of internal stress is slower in 
the cases with applied external stress than in those without, following 
an order opposite to that of the corresponding grain-growth rates (cf. 
Figs.  1(a) and 6(a)). Fig.  6(b) shows the probability distribution of the 
reduced internal von Mises stress, P (�vM_Í�vMÎ). For cases both with 
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Fig. 4. Geometric properties of microstructures. probability distributions of (a)–(c) reduced grain size R_ÍRÎ and (d)–(f) grain roundness ‚. The gray, red, green, 
and blue lines correspond to our PF results for the case of curvature flow with internal stress, external tensile stress, and external shear stress, respectively. The 
thick gray dotted lines in (a) and (d) are the results obtained by the front-tracking method [1]. Green squares, blue crosses, and yellow circles are the results 
from experiments in an Al thin film [41] and PFC simulations [51,52]. Note that each probability distribution is the averaged result based on microstructures 
with a mean grain area ÍAÎ > 5ù 104. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 3
Fitted parameters of the internal stress vs. mean grain area data, 
Í�vMÎ = K�tn� .
 Case K� (ù105) n�  
 � , �int 0.598 ± 0.002 0.129 ± 0.003 
 � , �int , �ext11 0.617 ± 0.004 0.107 ± 0.005 
 � , �int , �ext12 0.646 ± 0.004 0.094 ± 0.005 

and without applied external stress, this distribution is log-normal-like 
and remains self-similar throughout GG (see Fig. S3).

As shown previously [37], the internal stress is spatially inhomo-
geneous, and there is a considerable stress accumulation at GBs and 
TJs. However, how internal stress evolves across different regions of 
the microstructure remains unclear. We show the evolution of internal 
stress within grains, at GBs, and at TJs (as defined by the magnitude 
of the order parameters in the PF model) in Fig.  7. The evolution of 
the average internal von Mises stress within grains and at GBs follows 
the same trend as that measured for the whole microstructure (Fig. 
6(a)), i.e., stress relaxation during evolution, with slower decay under 
applied external stress. In contrast, the internal stress at TJs is noisy, 
but is roughly time- or ÍAÎ-independent within the statistics of the 
simulation (Fig.  7(c)). In our continuum model, the origin of internal 
stress relaxation is the evolution of the disconnection Burgers vector 
density on GBs [35,36,60], and the stress in the grain interior is the 
long-range stress originating from shear-coupling. Therefore, it is not 
surprising that the internal stress evolution within grains and at GBs 
follows similar trends, with a relatively smaller stress magnitude and 
relaxation rate in grain interiors than GBs (due to the Ì 1_r decay of 
the stress field away from disconnection cores on GBs [61]). However, 
TJs (with lower mobility than GBs) act as obstacles to GB migration, 
leading to disconnection pile-up at TJs and increased local internal 
stress [37,62]. The order of the stress relaxation rates obtained from 
our PF simulations, ÜÍ�vMÎGB > ÜÍ�vMÎgrain ∏

ÜÍ�vMÎTJ, consistent with the 
argument above.

4. Discussion

The results reported above compare GG in the presence and ab-
sence of shear-coupling. We demonstrated that the associated internal 

stress generated by shear-coupling (i) significantly alters the evolving 
microstructure and (ii) itself evolves along with the microstructure 
evolution. In order to interpret these result, we now analyze how the 
evolution of microstructure co-evolves with internal stress, the impact 
of shear-coupling on GG kinetics, and the implications for more general 
GG regimes compared to the settings considered in the simulations 
presented here.

4.1. Co-evolution of internal stress and microstructure

The co-evolution of internal stress and the geometric descriptors of 
microstructure can be characterized by examining the variation of those 
descriptors with the averaged internal von Mises stresses, as shown in 
Fig.  8. All of these descriptors (the degree of faceting, grain aspect 
ratio, and deviation from a circle) decrease linearly with the averaged 
internal von Mises stress (see the fitted lines). While the grain shapes 
become more isotropic and faceting decreases with increasing average 
internal von Mises stress, application of an external stress (uniaxial 
or shear) changes the slopes as m� ,�int < m� ,�int ,�ext11

< m� ,�int ,�ext12
(the opposite occurs for GB faceting). External stress strengthens this 
dependence for the deviation from a circle and aspect ratio, but weak-
ens it for the degree of faceting. This is consistent with the effects of 
external stress on the evolution of the same properties with grain size 
as indicated in Fig.  5. These results demonstrate that the evolution of 
the geometric descriptors of the GG microstructure strongly depends on 
internal stress. We should note that the average von Mises stress in Fig. 
8 increases from left to right, whereas time progresses from right to left 
(i.e., the mean grain size increases while the average von Mises stress 
decreases with time; see Fig. S5).

To gain further insight into the impact of stress on microstructure 
evolution, we examine the role of internal stress on the growth rate 
of individual grains. Fig.  9(a) shows the probability distributions of 
grain-growth rates, analogous to Fig.  2(b). We identify the 10% of the 
grains that grow the fastest and the 10% of the grains that shrink the 
fastest in Fig.  9(a). The fast-growing grains have ÜA > 3.5, indicated 
by blue while the fastest shrinking grains have ÜA < *2.3, indicated by 
green. The white histogram in Figs.  9(b) and (c) shows the probability 
distribution of the internal von Mises stress (with internal stress and 
no external stress applied), denoted by P�vM . In Figs.  9(b) and (c), 
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Fig. 5. Evolution of the average (a) GB degree of faceting Í��Î_�c, (b) grain 
aspect ratio ÍARÎ * 1 and (c) deviation from a circle Í�‚Î vs. mean grain 
area in the cases of � (curvature flow, black circles); � , �int (red circles); 
� , �int, �ext11  (green stars); and � , �int, �ext12  (blue squares). (For interpretation of 
the references to color in this figure legend, the reader is referred to the web 
version of this article.)

the blue and green histograms show the von Mises stress distributions 
in, respectively, the fast-growing grains (P+

�vM
) and the fast-shrinking 

grains (P*
�vM

). According to the Bayes’ theorem, the ratio P+_*
�vM _P�vM

measures the probability that a grain grows/shrinks fast when its von 
Mises stress is �vM (the factor 10% is omitted). The calculation results 
for P+_*

�vM _P�vM  are plotted as the hollow blue/green circles in Fig. 
9b/c. The best linear fit to these data is represented by the solid lines. 
We find that fast-growing grains tend to be those with small internal 
stress (i.e., the negative correlation in Fig.  9(b)), whereas fast-shrinking 
grains tend to have large internal stress (i.e., the positive correlation in 
Fig.  9(c)).

To confirm that the inclusion of internal stress as a driving force in 
the microstructure evolution is the cause of the correlation between 
internal stress and GG rate as shown in Figs.  9(b) and (c), we performed 

Fig. 6. The temporal evolution of the internal stress field in the cases of 
� , �int (red circles), � , �int, �ext11  (green stars), and � , �int, �ext12  (blue squares). (a) 
Average internal von Mises stress (Í�vMÎ) vs. mean grain area. (b) Probability 
distribution of reduced internal von Mises stress (�vM_Í�vMÎ). Note that each 
probability distribution is averaged over the microstructures with a mean grain 
area ÍAÎ > 5 ù 104. (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)

a similar analysis for microstructure evolution only driven by capillarity 
(mean-curvature flow; see Figs. S6 in SM); the internal stress is com-
puted but not included in the driving force for GB migration. These 
results show that internal stress and GG rate do not correlate unless 
internal stress is included as a driving force for GB migration.

4.2. Grain growth kinetics

In Section 3.1, Fig.  1(a) and Table  2, we found that the GG exponent 
is larger than 1 when internal stresses are considered (while in mean-
curvature flow, the exponent is 1). To understand the origin of this 
phenomenon, we track the evolution of the average capillarity force 
(F� ) and elastic driving force (F�) along all GB segments as a function of 
grain size during GG; see the red and blue circles in Fig.  10. We fit these 
data to the function F Ì ÍRÎnF  (solid red and blue lines in the figure). 
According to conventional curvature-driven GG theory, the capillarity 
force scales inversely with the mean grain size (i.e., F� Ì ÍRÎ*1). In 
contrast, nF = *0.51 ˘ *1_2 for the elastic driving force F� data. This 
difference in scaling implies that while capillarity dominates the early 
stages of growth when grains are small, elastic driving forces dominate 
GG kinetics at large grain sizes (this can also be seen by comparing the 
evolution of the probability distributions of the capillarity and elastic 
driving forces in Figs. S7a and b). The exponent nF ˘ *0.5 of the elastic 
driving force can be understood in terms of disconnection pile-ups at 
the triple junction, similar to the yield stress decaying as ÍRÎ*0.5 when 
the bulk dislocations pile up at GBs in the Hall-Petch relation [63] (see 
the theoretical model developed in SM). The crossover point is around 
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Fig. 7. The temporal evolution of the internal stress field (a) in grain interior, (b) at GBs, and (c) at TJs in the cases of � , �int (red circles), � , �int, �ext11  (green 
stars), and � , �int, �ext12  (blue squares). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. (a) Degree of faceting Í��Î_�c , (b) grain aspect ratio ÍARÎ * 1, and (c) deviation from a circle Í�‚Î versus the averaged internal von Mises stress. The 
cases are: � , �int (red circles), � , �int, �ext11  (green stars), and � , �int, �ext12  (blue squares). Each data point is the microstructure average of a geometric property at a 
particular mean grain size. The solid lines are linear fits to the data, with the slope m determined. Note that, since GG is accompanied by a decay of Í�vMÎ, time 
progresses from right to left along the Í�vMÎ axis. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.)

ÍRÎ ˘ 220. If we fit the total force on GBs as a function of grain size 
ÍRÎ, we find nF = *0.64, which is between these two limits.

If we assume dÍRÎ_dt Ì F  [2], the GG law follows ÍAÎ = ÍRÎ2 ◊ t
if the driving force is only F� and ÍAÎ = ÍRÎ2 ◊ t4_3 if only F� . Our 
numerical results for Ftot versus dÍRÎ suggest that nA ˘ 1.22, which is 
nA À [1, 4_3] when both capillarity force and elastic driving force are 
considered. Our fitted nA results in Table  2 perfectly fall in this range 
and are consistent with the fitted force data in Fig.  10.

We note that since shear-coupled GB migration is influenced by 
the local stress, and that stress is concentrated at the triple junctions 
(TJs), GB migration near TJs is sensitive to boundary conditions at TJs. 
On the one hand, if TJs do not transmit disconnections from one GB 
at the TJ to the others (or not allow disconnection reactions there), 
disconnection pile-ups and local internal stress concentrations will be 
maximized. These pile-ups at the TJ may induce stresses that extend 
well beyond a few atomic spacings of the TJ itself. On the other hand, 
if disconnections on one GB are fully transmitted through the TJ to 
the adjoining GBs through barrier-less reactions, no (or only small) 
pile-ups or stress concentrations will form at the TJs, the mechanical 
constraint associated with TJs will be relaxed. Indeed, stress build-up as 
a result of mechanical constraints has been observed in atomistic sim-
ulations of GB migration in bicrystals [28]. This suggests that internal 
stress development during GG requires both shear-coupled migration 
and mechanical constraint such as that provided by TJs. For grain-
growth in physical systems, where disconnections may react at TJs 
albeit with a barrier, the TJ mechanical constraint may be partially 
relaxed; i.e., the nature of the stress accumulation at the TJs will fall 
between the no-reaction and barrier-less reaction limits; with increasing 
temperature, relaxation through reactions will become more effective. 
While it is clear from the simulation data presented that incorpo-
rating shear-coupling accelerates grain growth kinetics beyond pure 
mean-curvature-driven growth, the effect may be somewhat more pro-
nounced in the simulations than in physical materials. Perhaps the best 

way to investigate the effects of reactions at TJs currently is through 
large-scale, long-time molecular dynamics simulations. Nonetheless, 
the present simulations show the effect of a reaction barrier at TJs 
which is inevitable in all situations.

4.3. Implications for realistic grain growth

Although the characterization of grain growth microstructures (pre-
sented above) and their comparison with experiments, indicating that 
it is essential to include shear-coupling in the description of GG, it is 
surprising that the observed GG exponents are (slightly) greater than 
one rather than one or less in most experiments. A few remarks are 
in order. First, while both capillarity and shear-coupling driving forces 
(on average) decrease with increasing grain size, the capillarity driving 
force decreases faster with increasing grain size than that associated 
with shear-coupling. This suggests that grain growth may never be 
truly in steady-state and that the slightly greater than one exponents 
may simply represent a transition from the dominance of one type of 
driving force to the other; i.e., the kinetics is not robustly power-law at 
all. Second, given the small values of the deviation of our simulation 
exponents from unity, it may be that the extraction of exponents from 
classical experimental data may not be sufficiently accurate to reliably 
see such slightly larger exponents. We also note that since we do not 
know where the switch from the dominance of one type of driving force 
over the other occurs in a physical material, it is possible that most of 
the existing data is in one regime or the other. Finally, as discussed 
above, there are many physical effects in real materials that influence 
grain growth not included in these simulations (designed to isolate 
shear-coupling effects). These ‘‘other’’ effects may play increasingly 
important roles at larger grain size and hence slow down late time 
kinetics exactly where the shear-coupling effects tend to dominate.
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Fig. 9. (a) Probability distribution of the GG rates in the case of � , �int. The 
regions shaded in blue and green correspond to the 10% of the grains that grow 
and shrink the fastest, respectively. (b, c) The white bars show the probability 
distributions of internal von Mises stress. The blue bars in (b) and green bars 
in (c) show the stress distributions in, respectively, the fast-growing and the 
fast-shrinking grains. The ratios, P +

�vM
_P�vM  and P *

�vM
_P�vM , are plotted as blue 

and green circles. The blue and green solid lines show the linear fits to the 
blue and green circles. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

In our continuum, shear-coupling (disconnection-based) approach, 
elastic anisotropy is neglected to reduce computational cost and com-
plexity. Elastic anisotropy will have two effects on GB migration. First, 
the stress fields of dislocations in anisotropic elastic media will differ 
from those in isotropic media we used in this work [64]; this will 
modify the generated internal stress field and consequently the driving 
force for GB migration through the Peach–Koehler force. Second, elastic 
anisotropy can produce new driving forces on GB migration (i.e., differ-
ence in elastic energies and elastic mismatch among individual grains). 
Although the elastic energy difference across the GBs can serve as a 
driving force for GB migration [65], it is in higher order compared with 
the Peach–Koehler force (i.e., its magnitude should usually be negligi-
ble compared with the capillarity force and the elastic driving force 

Fig. 10. Evolution of the average capillarity driving force (red circles), elastic 
driving force (blue circles) and total driving force (black circles) vs. mean grain 
size ÍRÎ during GG. The red solid line is the fit to the classical capillarity law, 
F Ì 1_R (the fitted exponent is *0.90) and the blue solid line is F Ì 1_

˘R
(the fitted exponent is *0.51). The black solid line is best fitted as F Ì 1_R*0.64. 
(For interpretation of the references to color in this figure legend, the reader 
is referred to the web version of this article.)

caused by the internal stress/disconnection flow — see an estimate in 
the SM).

Although our previously reported phase-field model [35–37] is 
employed here specifically to evaluate the effects of shear-coupling on 
grain growth, it does make some important assumptions that should 
be addressed in future to offer more physically complete descriptions. 
First, in our simulations we explicitly assume a fixed shear-coupling 
factor � on each GB. However, multiple disconnections modes, charac-
terized by different magnitudes and signs of disconnection step heights 
and/or Burgers vectors, may be active [13,14,27]. The activation of 
multiple disconnection modes induces a dependence of the GB shear-
coupling factor on the local stress state and GB curvature [21,66,67]. 
This mechanism will tend to reduce the elastic driving force, corre-
sponding to a downward shift of the blue curve in Fig.  10, which 
is otherwise overestimated [27,68]. As a consequence, the resulting 
exponent nF  is expected to be closer to *1 than in the cases simulated 
here, while remaining larger, similar to the effect associated with the 
TJs discussed above. Note that this effect shifts the critical mean grain 
size, at which the capillarity-driven and elastic driving forces intersect, 
towards larger grain sizes.

The current model also neglects other possible stress relaxation 
pathways such as annealing twin formation [69,70] and dislocation 
emission from GBs [71,72] or TJs, which have been previously ob-
served in molecular dynamics simulations [28]. Such emitted defects 
may interact with existing disconnections through disconnection anni-
hilation, generation and/or reactions. This process may, in turn, relax 
part of the accumulated stress, such that the driving-force exponent nF
will be closer to the capillarity-driven limit (i.e., *1). Furthermore, GB 
migration will also affect plasticity within the grains; disconnections 
and their dynamics may modifies the ability of GBs to absorb, reflect 
or transmit dislocations, as we recently discussed [73,74]. GB motion 
and plasticity within grains should be treated as different aspects of an 
integrated whole, i.e., GBs should be treated as additional slip systems 
in a dislocation dynamics or crystal plasticity description. However, we 
exclude plasticity effects here to focus on the main question of the paper 
(i.e., ‘‘how does shear-coupling affect grain growth’’) and do not wish 
to complicate the case with other effects.

The coupling of stress and grain boundary motion is well established 
in quasi-two-dimensional polycrystals with nanoscale grains [14,27]. 
Fig.  10 shows that effects of shear-coupling become increasingly domi-
nant with increasing grain size (in our two-dimensional simulations), 
consistent with observations that GB migration in three-dimensional 
micron-scale polycrystals deviates from curvature flow [15,75,76]. We 
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note, however, that three-dimensional X-ray data reveal no internal 
strain above the noise floor (Ì 0.1˝ lattice rotation) in microcrystalline 
samples [77], whereas thin-film experiments show larger rotations that 
should be detectable [14]. If strains are highly localized near GBs, they 
may evade X-ray detection, though such distributions are uncommon 
in higher-resolution GB studies. Dimensionality may influence results, 
as simulations in bicrystals show boundary-condition effects [28], and 
quasi two-dimensional films exhibit vertical displacements not mechan-
ically accommodated in bulk materials [27]. Additional experiments 
and simulations are required to reveal the effect of dimensionality on 
shear-coupled motion in three-dimensional polycrystals.

5. Conclusions

We conducted a series of large-scale phase-field simulations to 
investigate and quantify the effects of internal and external stresses 
on GG, using a continuum model that reconciles curvature-driven 
and shear-coupled (disconnection-controlled) GB migration. We inves-
tigated (i) the evolution of the geometric and topological properties of 
the microstructures, (ii) the evolution of the internal stress field, and 
(iii) analyzed how these are correlated and can be reconciled with each 
other.

Our main conclusions are as follows.

1. Compared to microstructure evolution by mean-curvature flow 
alone, internal stress leads to less homogeneous and less equiaxed 
grains, enhanced GB faceting, increased grain aspect ratio, re-
duced grain roundness, and a shift of the grain-size distribution 
to smaller size, in agreement with experimental and atomistic 
results.

2. The average internal stress gradually relaxes during GG, with 
stress accumulation occurring around some TJs.

3. Grains with smaller internal stress tend to grow faster, whereas 
those with larger internal stress shrink faster.

4. Internal stress generation associated with GB shear-coupling 
tends to accelerate GG (i.e., produce larger GG exponents).

5. The application of external stress increases the grain aspect 
ratio, weakens GB faceting and grain roundness, and reduces the 
overall degree of internal-stress relaxation over time.

Overall, our results demonstrate that incorporating internal stress 
captures fundamental features of GG, as observed in experiments and 
atomistic simulations, which curvature flow alone fails to reproduce. 
The formulation underlying our model, grounded in disconnection-
mediated GB migration, enables simulations of detailed microstructural 
features that result from both intrinsic driving forces in GG — curva-
ture flow AND stress generation. The parameterization of our model, 
although minimal, is theoretically applicable to all FCC metals [37], 
and can be readily extended to other crystalline metals and even to 
ceramics by adjusting material-specific parameters.
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