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A B S T R A C T

The anisotropic grain boundary stiffness driving force is compared to observed grain boundary migration rates in 
Ni polycrystals for five grain boundary disorientations. Although the stiffness driving force is better correlated to 
observed migration rates than the curvature driving force, neither correlation is strong. These findings might be 
the result of a limitation in the theory for grain boundary migration, which treats grain boundaries as inde
pendent microstructural entities and ignores the constraints imposed by their connections to other boundaries at 
triple lines.

In three-dimensions, a grain boundary has five independent param
eters, three for the disorientation and two for the orientation of the 
normal to the grain boundary plane (n̂) [1]. Because the grain boundary 
energy depends on the grain boundary normal, the driving force for 
grain boundary migration (FS) depends on the grain boundary inclina
tion and curvature and can be expressed as [2–5]: 

FS = Γ(n̂) : K (1) 

where Γ(n̂) is the second-rank interfacial stiffness tensor, K is the 
second-rank curvature tensor, and : is the double dot product, Γ(n̂) : K =
trace

(
Γ(n̂)KT). Throughout this letter we will refer to FS as the stiffness 

driving force. Assuming the principal directions of the interfacial stiff
ness tensor and curvature tensor are aligned, then at a point on the 
boundary, this expression reduces to: 

FS =

(

γ(n̂)+
∂2γ(n̂)

∂θ2

)

κ1 +

(

γ(n̂)+
∂2γ(n̂)

∂ϕ2

)

κ2 (2) 

where γ is the grain boundary energy, κ1 and κ2 are principal curvatures 
(the eigenvalues of the curvature tensor), and θ and ϕ are polar and 
azimuth angles, respectively, for the interface normal direction in 
spherical coordinates (n̂(θ,ϕ)) [6].

In practice, Eq. (1) is typically simplified to the scalar equation [7]: 

FC = γκ (3) 

where κ is the mean curvature. The quantity FC will be referred to as the 
conventional driving force. For the case of bicrystals, Eq. (3) has proven 
useful [8]. However, with the availability of 3D X-ray microscopy, Eq. 
(3) has been subjected to experimental tests in polycrystals and the re
sults suggest it is not operative [9–12]; these findings have been sup
ported by simulations [13–16].

This leads to the question, can the stiffness driving force better ac
count for the observed migration rates of grain boundaries in poly
crystals than the conventional driving force? Eq. (1) has been neglected 
in the analysis of experimental results because of its complexity. One 
factor that complicates the use of Eq. (1) is that Γ(n̂) differs for each 
possible misorientation and the function γ(n̂) in not generally known. 
Even though it is possible to compute the stiffness of grain boundaries by 
simulation [17–21], simulated stiffnesses for all possible boundaries at a 
fixed misorientation are not yet available. A second factor is that Eq. (1)
is valid only for non-singular grain boundaries; for singular grain 
boundaries the driving force must be calculated by considering the 
change in the energies of the neighboring boundaries attached to the 
triple lines at the edges of the singular boundary [6,22,23]. The first of 
these difficulties has recently been overcome – twice differentiable 
functions for γ(n̂) have been defined at five misorientations for Ni [2,5]. 
Using these functions, one can compute the stiffness values necessary to 
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test Eq. (1). In this letter, we compare the observed grain boundary 
migration velocities in Ni [9] to the stiffness driving force defined by Eq. 
(1). We show that the stiffness driving force has much greater variations 
than the conventional driving force. Furthermore, while the stiffness 
driving force shows a correlation to the velocities of 60◦/[111] tilt 
boundaries, there is little correlation throughout the remainder of the 
data.

The experimental velocities were derived from 3D Ni microstruc
tures measured before and after five 30 min anneals at 800 ◦C by high- 
energy diffraction microscopy (HEDM). During the annealing, the 
average grain size increased from 19 μm to 23 μm, which translates to an 
increase from 1149 to 2055 voxels per average grain. Details of the 
sample preparation procedures, the experiment, and previous analyses 
of these publicly accessible data [24] can be found in prior publications 
[25,26]. Briefly, the microstructures were reconstructed using 
Dream.3D [27], and grain boundaries were approximated by triangular 
meshes using surface meshing [27] and Laplacian smoothing [28]. The 
complete data pipeline is available within the Dream.3D files in the 
archive [24] and the details of the smoothing procedure are described in 
the §S1 in the supplemental materials. Grain boundary velocity was 
calculated using the voxel exchange method that was described in pre
vious work [9,11]. Grain boundary curvature was computed using the 
cubic-order algorithm [29]. From those calculations, the principal cur
vatures (κ1, κ2) and their corresponding principal directions (K1, K2) 
were extracted, along with the five grain boundary parameters for each 
triangular mesh element. Grain boundaries with the target misorienta
tion were extracted (using a ± 5∘ acceptance range) from the entire data 
set using 3D_dist_graph [30].

To compute the driving force based on the stiffness and curvature 
tensors, it is essential to express both in a common reference frame. The 
interfacial stiffness tensor is defined in a spherical coordinate system 
where the poles are aligned to defined crystallographic directions while 
the curvature tensor is computed in the sample frame based on recon
structed microstructure data. Therefore, a two-step transformation is 
applied: (1) the principal curvature directions and surface normal are 
transformed to the crystal reference frame and (2) the curvature tensor 
is transformed into the same spherical coordinate system used by the 
stiffness tensor (which is not the same for each misorientation and 
defined in [2,5]). These transformations, detailed in sections S2 and S3 
of the supplemental materials, are illustrated schematically in Fig. 1.

There are two numerical issues that affect the interpretation of the 
results. The first is that some of the computed stiffness values are 
negative. This happens for orientations that are not part of the equilib
rium bicrystal shape [2]. Grain boundaries with these "missing orien
tations" will form faceted structures. The facets that make up the 
boundary will have the orientations of grain boundaries that are part of 
the equilibrium shape and closest to the missing orientation. The stiff
ness driving force does not apply to such orientations because the grain 

boundaries are comprised at least in part of singular boundaries and the 
driving force for these boundaries is determined instead by the adjacent 
connected boundaries [31]. The second issue is that the parameteriza
tion of the orientation by spherical angles leads to a numerical diver
gence near the z-axis of the stiffness reference frame. This is because the 
stiffness calculation includes terms of sinθ and sin2θ in the denominator 
(see Eq. S3) and as the polar angle θ becomes very small, these terms 
diverge to infinity. For example, for the 60◦/[111] grain boundary, the 
z-axis is positioned along the [111] crystal direction which leads to an 
undefined stiffness at this orientation.

The grain boundary properties of the 60◦/[111] (Σ3) grain bound
aries are presented in Fig. 2. The red triangle in Fig. 2(d) marks the 
orientation of the coherent twin boundary, which is the minimum in the 
distribution of grain boundary velocity (Fig. 2a). The principal stiffness 
distributions are shown in Fig. S2, where orientations with negative 
principal stiffness are colored black. The stiffness driving force 
(Γ(n̂) : K) and the conventional driving force (γκ) are illustrated in Fig. 2 
(b) and (c), respectively. As mentioned above, the plane normal vector 
n̂ = (111) is aligned along the Z-axis for this grain boundary, so the 
results in the white area do not accurately reflect the driving force and 
should be disregarded.

Considering the orientations with negative stiffness and the orien
tations near [111] that must all be excluded, only the driving forces with 
orientations near the zone of tilt grain boundaries (those perpendicular 
to [111]) can be compared to the velocity. This comparison is illustrated 
in Fig. 3 for the stiffness driving force and for the conventional driving 
force. For each data point, the average values of velocity and driving 
forces were computed by considering all meshed triangles whose plane 
normals deviate by <7∘ from the target normal vector. Note that while 
data was extracted along the entire tilt axis on the projection shown in 
Fig. 2d, from (110) to (110), only the segment of data for π/8 < ω < π/2, 
where ω is the angle from [110], is in a unique fundamental zone; the 
data outside this range are indistinguishable because of bicrystal sym
metry. The stiffness driving force clearly exhibits a positive correlation 
with grain boundary velocity (Fig. 3(a)). On the other hand, the con
ventional driving force shows an inverse correlation with velocity (Fig. 3 
(b)). It should also be noted that the stiffness driving force varies with 
orientation much more than the conventional driving force (see Fig. 3c), 
indicating that the conventional driving force is a poor approximation 
for these grain boundaries.

It is noteworthy that the stiffness driving force maximizes at orien
tations where the conventional driving force is a minimum. This is 
because of the shape of the grain boundary energy function. To illustrate 
this, consider the zone of tilt boundaries (the white dashed line in Fig. 2
or the abscissa in Fig. 3), the grain boundary energy function for 60◦/ 
[111] has a local maximum energy at the (101) orientation and a local 
minimum energy at the (112) orientation [2]. Therefore, the conven
tional driving force is greater at (101) than at (112). However, the 

Fig. 1. The schematic illustration of the transformation that takes the normal vector (n̂) and principal directions (K1, K2) of the curvature tensor from the sample 
reference frame to stiffness-defined spherical coordinates. (a) A grain in the Ni polycrystals that was surface meshed by triangles, the yellow lines represent each grain 
boundary’s outline (triple junctions), and grain boundaries are colored by their energies. (b) An extracted boundary with one of the target misorientations and the 
curvature reference frame of one triangular mesh on this boundary. (c) The vectors in the sample frame are transformed to the crystal frame of grain 1. (d) The 
vectors in the crystal reference frame are transformed to the stiffness reference frame and parameterized by spherical coordinates.
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Fig. 2. Stereographic projections along [001] showing grain boundary property distributions for 12,085 60◦/[111] grain boundaries comprised of 1580,821 in
dividual mesh triangles. (a) Measured grain boundary velocity distribution. (b) Stiffness driving force distribution Γ(n̂) : K. The white region near [111] is excluded 
where Γ(n̂) : K > 0.5. (c) Conventional driving force distribution γκ. (d) Reference stereographic projection generated using GBTool box [32]. The red triangle 
denotes the coherent twin grain boundary orientation, while dashed lines represent tilt boundary orientations.

Fig. 3. Correlation between grain boundary velocity and driving forces as a function of angular deviation from (110) for tilt boundaries with a 60◦/[111] 
misorientation. Data points represent averaged values computed from all mesh triangles with plane normal deviating <7∘ from the target orientation vector. (a) Grain 
boundary velocity versus stiffness driving force Γ(n̂) : K. (b) grain boundary velocity versus conventional driving force γκ. (c) Comparison of the stiffness driving 
force Γ(n̂) : K and conventional driving force γκ.
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second derivative in the stiffness reverses this trend. As a simple 
example, take the (101) orientation as the origin (ϕ = 0) and assume the 
energy (γ) varies in one dimension (along the zone of tilt boundaries) as 
γ = cosϕ. In this case, γ reaches a maximum at ϕ = 0, but because ∂2γ 
/∂ϕ2 = -cosϕ, the second derivative reaches a minimum at ϕ = 0. For the 
actual grain boundary energy function, ∂2γ/∂ϕ2 > γ, so the second de
rivative dominates the stiffness. Therefore, it is the shape of the grain 
boundary energy function that causes the stiffness driving force to trend 
in the opposite way as the conventional driving force.

Grain boundary energy functions are also available for grain 
boundaries with misorientations of 37◦/[100] (Σ5), 38◦/[111] (Σ 7), 
39◦/[110] (Σ9), and 50◦/[110] (Σ11) [5]. While boundaries with the 
60◦/[111] misorientation exhibit large regions of negative principal 
stiffness (Fig. S2), the principal stiffness distributions of these other 
boundaries predominantly display positive values (see Fig. S3). This 
characteristic enables the analysis of grain boundary velocity-stiffness 
driving force correlations across a broader range of plane normal di
rections for each boundary type. For this comparison, a hemisphere with 
3096 discrete boundary plane orientations was sampled. For each of 
these misorientations, the stiffness driving force and boundary velocity 
were computed, excluding those positioned within 25∘ of the corre
sponding crystallographic Z-axis to avoid numerical instabilities (at 
smaller angles, 1/sin2θ > 5 and increases sharply). Because grain ex
change symmetry reverses the sign of the stiffness, all other values were 
taken to be positive definite.

The results for the 39◦/[110] and 50◦/[110] grain boundaries are 
illustrated in Fig. 4, where each data point represents a unique boundary 
plane normal orientation, colored based on its relative area fraction 
within the total grain boundary population. The measured grain 
boundary velocities are only weakly correlated to the driving force, with 
R2 = 0.37 and 0.43 for 39◦/[110] and 50◦/[110], respectively. The re
sults for the 37◦/[100] and 38◦/[111] grain boundaries are shown in 
Fig. S4. For these boundaries, the velocity is uncorrelated to the driving 
force. However, the relative areas of these boundaries were near 1 MRD, 
indicating that they do not make up a large fraction of the data. The 
measured velocities are also compared to the conventional driving force 
in Fig. S5. With the exception of the 39◦/[110] boundaries, which show 
a weak positive correlation (R2 = 0.39), the other boundaries are not 
correlated to the conventional driving forces.

Throughout these comparisons, we have assumed the mobility term 
is constant, even though it is known to vary with grain boundary char
acter [33]. For four of the misorientations, we can compare the mobil
ities determined by simulations with effective mobilities we estimate by 

dividing the observed velocity by the stiffness driving force. The results, 
illustrated in Figs. S6 and S7, do not alter the conclusions about the 
correlations. As illustrated in Fig. S6, the effective mobility and the 
computed mobility for the 60◦/[111] tilt boundaries [2,33] are well 
correlated, similar to the stiffness and velocity. However, for the 
37◦/[100], 38◦/[111], and 39◦/[110] boundaries, illustrated in Fig. S7, 
there is no obvious correlation between the effective mobility and the 
computed mobilities.

When considering the results at all five boundaries, we conclude that 
while the stiffness driving force is better correlated to the observed ve
locity than the conventional driving force, neither driving force is a 
reliable predictor of the velocity. While a correlation was found for the 
60◦/[111] tilt boundaries, one cannot draw conclusions from only a 
subset of the data. It is interesting that the correlation is best for the most 
commonly observed grain boundaries. One might suggest that the 
comparison at other misorientations is limited by an insufficient number 
of observations. While this possibility cannot be ruled out, we note that 
the five boundaries sampled here make up 17.6 % of the 105,576 
observed grain boundaries.

Another possibility is that the experimental time step is too coarse so 
that as boundaries migrate from the initial position, they change shape 
and the driving force therefore also changes; such changes could only be 
captured using smaller time intervals. Unfortunately, it is not possible to 
test this idea because we lack the spatial resolution to resolve smaller 
displacements. Another possible reason for the difference is that the 
assumptions in the derivation of the stiffness driving force are not well 
matched to the experiment. The derivation assumes that the grain 
boundaries can move without additional constraints. Although it has not 
been reported, one might assume that the migration of an isolated 
boundary in a bicrystal would be governed by the stiffness. In a poly
crystal, on the other hand, all of the grain boundaries are connected. 
Because of this, it is impossible for any boundary to move without others 
moving and changing area at the same time, and this adds constraints to 
the motion. Additional constraints might arise from the necessity of 
annihilating grain boundary disconnections at the triple lines where the 
boundaries meet [34,35]. If the driving force is unable to overcome the 
constraints, then the motion will appear to be independent of the driving 
force, as described here.

To illustrate the motion of a single boundary and its lack of corre
lation with the stiffness, the initial position of a boundary (Fig. 5a) and 
the final position (Fig. 5b) are illustrated in Fig. 5. In both states, the 
boundary is discretized into triangular elements and they are colored by 
the stiffness driving force. We note that there are some outliers with very 
high stiffness found at the triple junctions, but we will ignore these in 

Fig. 4. Correlation between grain boundary velocity and the stiffness driving force for 39◦/[110] and 50◦/[110] grain boundaries. Each data point represents a 
distinct grain boundary plane normal orientation and is colored by the corresponding relative area fraction within the total grain boundary population (MRD scale). 
(a) Data from 4847 39◦/[110] grain boundaries comprised of 837,206 mesh triangles. (d) Data from 811 50◦/[110] grain boundaries comprised of 215,653 mesh 
triangles. Correlation coefficients (R2) and fitted trend lines are indicated for each boundary type.

Z. Xu et al.                                                                                                                                                                                                                                       Scripta Materialia 274 (2026) 117135 

4 



our analysis. Tracking individual triangular elements from the initial to 
the final position is not possible, as they change location, area, and total 
number. As a result, a simple mapping from initial triangles to final 
triangles does not exist. Therefore, we employed the shortest distance 
tracking method (see section S5 of the supplemental information for 
details) to qualitatively assess meshed triangle displacement trajectories 
across different states. Displacement vectors, colored by their magni
tudes, are illustrated in Fig. 5(c). It is obvious in the figure that triangles 
with similar driving forces at different boundary regions do not show 
similar displacements (see also Fig. S8). For example, the triangles in the 
upper right part of the figure moved the farthest, but did not have 
driving forces significantly different from those on other parts of the 
boundary, such as the patch in the lower left of Fig. 5(a).

The illustration in Fig. 5, showing that parts of the boundary with 
similar driving force move very different distances, suggests that other 
driving forces are important in determining boundary motion. The 
patches of boundary migrating the greatest distance are near the pe
riphery of the grain, suggesting the influence of the attached boundaries. 
It has been suggested that energy differences between boundaries that 
meet at junctions can provide an additional driving force for growth by 
the grain boundary replacement mechanism [36]. It has also been 
demonstrated by simulation that the stored elastic energy driving force 
can disrupt the expected relationship between curvature and velocity 
[16]. Under these circumstances, it is not surprising that the classical 
single-boundary migration equation fails to predict migration behavior, 
even when incorporating energy anisotropy effects through the stiffness 
driving force.

In summary, using available functions for the grain boundary energy 
of Ni, we evaluated correlations between the stiffness driving force and 
boundary migration velocity. Although the stiffness driving force is 
better correlated to the migration velocity than the conventional driving 
force, the evidence does not support the assertion that this driving force 
can be used to predict the migration of grain boundaries in a poly
crystalline network. A potential explanation for these weak correlations 
lies in the inherent limitation of classical migration equations, which 
neglect network effects and consider only isolated boundary behavior. 
These findings suggest that developing improved grain boundary 
migration models will require incorporating the influence of inter
connected boundary networks on individual grain boundary behavior, 
instead of treating each boundary as an isolated object.
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S.1.  Grain boundary mesh treatment and velocity determination 

Determining curvatures from discrete voxel data requires some level of processing and 

interpretation; we used Dream.3D’s Laplacian smoothing.  In the filter, we used 100 iterations and 

λ values of 0.25 (surface), 0.20 (triple lines), and 0.15 (quadruple points). These settings were 

chosen to balance de-voxelization against geometric bias: (i) they reduce staircase artifacts while 

(ii) keeping boundary shrinkage and node drift bounded.  Lower λ/iterations under-smooth and 

leave voxel steps; higher values round triple junctions and distort dihedral angles.  The parameters 

are also consistent with studies of the sensitivity of the curvature to smoothing parameters [1].  

Curvatures determined from simulations of grains [1] indicate that objects with a radius greater 

than or equal to nine voxels deviate from the ideal value by less than 10 %.  The mean grain radius 

in this sample was about nine voxels. 

The velocity measurement is based on counting the number of voxels exchanged between 

grains and not on determining the interface position [2, 3].  Although the voxels exchanged can be 

counted with no error, some uncertainty stems from the segmentation of the data and results from 

voxels with possibly misassigned orientations.  For different boundaries, the number of voxels 

exchanged ranged from zero to more than 300 and the mean value is 141; the distribution of 

exchanged voxels, illustrated in Fig. S1, peaks at zero, suggesting good alignment of the data. 



 
Figure S1. Distribution of the number of voxels exchanged across each grain boundary. 
 

S2. Determining the interface stiffness tensor using experimental data 
 

For each triangular mesh element of a boundary that has misorientation with a known energy 

function, γ(𝐧$), the stiffness tensor of the local boundary can be determined in the following way: 

1. The interface normal vector 𝐧$, defined in the sample reference frame, is first transfomed into 

the crystal reference frame 𝐧$𝐜𝐫𝐲𝐬𝐭𝐚𝐥 using the 3×3 orientation matrix 𝐠𝟏 of crystal 1: 

𝐧$𝐜𝐫𝐲𝐬𝐭𝐚𝐥 = 𝐠𝟏𝐧$, (S.1) 

2. The reference frames of stiffness functions defined in references [4, 5] vary depending on the 

grain boundary misorientation.  For example, grain boundaries with a 60°/[111] misorientation use 

the following crystal reference frame: [112-] → X axis; [1-10] → Y axis; [111] → Z axis.  The 

relationship between these reference frames is expressed by the 3 × 3 orientation matrix 𝐓𝐦.  This 

is used to transform 𝐧𝐜𝐫𝐲𝐬𝐭𝐚𝐥 from the crystal reference frame into the stiffness-function-defined 

reference frame 𝐧$𝐭𝐦:  

𝐧$𝐭𝐦 = 𝐓𝐦𝐧$𝐜𝐫𝐲𝐬𝐭𝐚𝐥,	 (S.2) 

3. Finally, the interface normal vector 𝐧$𝐭𝐦 is converted into spherical coordinates (θ, ϕ).  

The interface stiffness tensor 𝚪(θ, ϕ) can then be determined by [4]: 

 

𝚪(𝛉,𝛟) 	= 8
𝛄𝛉𝛉

𝟏
𝐬𝐢𝐧𝛉𝛄𝛉𝛟 −

𝐜𝐨𝐬𝛉
𝐬𝐢𝐧𝟐 𝛉𝛄𝛟

𝟏
𝐬𝐢𝐧𝛉𝛄𝛉𝛟 −

𝐜𝐨𝐬𝛉
𝐬𝐢𝐧𝟐 𝛉𝛄𝛟 𝛄 +

𝟏
𝐬𝐢𝐧𝟐 𝛉𝛄𝛉𝛉 +

𝐜𝐨𝐬𝛉
𝐬𝐢𝐧𝛉 𝛄	𝛉

A, (S.3) 



 

S3. Determining the curvature tensor in the stiffness-function-defined reference frame 

To calculate the stiffness driving force defined in Eq. 1, the stiffness tensor and the curvature 

tensor must be expressed in the same reference frame and in the same coordinates.  The parameters 

and reference frame of the stiffness tensor has been described in section S2.  The curvature tensor 

is originally computed in the sample reference frame by Dream 3D [6]. Therefore, the curvature 

tensor must be transformed from the sample frame to the spherical coordinate system used by the 

stiffness tensor.  This is executed using the following steps. 

 

1. First, the principal curvature directions 𝐊𝟏, 𝐊𝟐 are rotated from the sample reference frame 

into the stiffness-defined reference frame: 

𝐊𝐭𝐦𝐢 = 𝐓𝐦 ∙ 𝐠𝟏 ∙ 𝐊𝐢		(𝐢 = 𝟏, 𝟐) (S.1) 

Here, g/ is the 3 × 3 orientation matrix of crystal 1 and 𝐓𝐦	is the transformation matrix to the 

stiffness reference frame. Note that the local interface normal 𝐧$ is always orthogonal to both 

principal directions. 

2. Using the principal curvature directions in the correct reference frame and the corresponding 

principal curvatures κ/ and κ0, the curvature tensor, κ12, can be constructed: 

𝛋𝐭𝐦 =H𝛋𝐢 ∙
𝐢

𝐊𝐭𝐦𝐢⨂𝐊𝐭𝐦𝐢 	(𝐢 = 𝟏, 𝟐) (S.5) 

where ⨂ denotes the outer product. 

3. The local basis vectors are defined in the following way.  The unit surface normal 𝐧$(θ, ϕ) is 

defined as: 

𝐧$(𝛉,𝛟) = J
𝐬𝐢𝐧𝛉 𝐜𝐨𝐬𝛟
𝐬𝐢𝐧𝛉 𝐬𝐢𝐧𝛟
𝐜𝐨𝐬𝛟

K, (S.6) 

The local in-plane basis vector eM3, eM4 – representing gradients in the azimuthal and polar 

directions respectively – are given by: 

𝐞M𝛉 =
𝛛𝐧$
𝛛𝛉	 = J

𝐜𝐨𝐬 𝛉 𝐜𝐨𝐬𝛟
𝐜𝐨𝐬𝛉 𝐬𝐢𝐧𝛟
−𝐬𝐢𝐧𝛉

K , 𝐞M𝛟 =
𝟏

𝐬𝐢𝐧𝛉
𝛛𝐧$
𝛛𝛟	 = J

− 𝐬𝐢𝐧𝛟
𝐜𝐨𝐬𝛟
𝟎

K (S.7) 



 

4.  The final curvature tensor in spherical coordinates κ(3,4) is obtained by projecting κ12 onto 

the local spherical basis: 

𝛋𝐢,𝐣
(𝛉,𝛟) = 𝐞M𝐢𝐓 ∙ 𝛋𝐭𝐦 ∙ 𝐞M𝐣		(𝐢, 𝐣 ∈ {𝛉,𝛟}) = 𝐊 (S.8) 

This projection yields a symmetric second-rank tensor, referred to as K in Eq. 1.  It was verified  

that the principal curvature values remain unchanged after the rotation, as the process only changes 

the basis. Once aligned, the interface driving force can be evaluated as the double dot product 

between the stiffness tensor 𝚪(θ, ϕ) and curvature tensor K. 

 

S4. Supplemental Figures S2 to S7 

 

 
Figure S2.  Stereographic projections along [001] showing principle stiffness distributions for 
2,139 60°/[111] grain boundaries comprised of 1,085,836 individual mesh triangles.  (a) and (b) 
Principal stiffness distributions 𝛾 + 𝛾:: and 𝛾 + 𝛾;;, respectively, with black regions denoting 
negative values (51% of the area).  
 

 

 

 

 
 
 



 
Figure S3. Principal stiffness distributions 𝛾 + 𝛾::  and 𝛾 + 𝛾;;  for boundaries with 37°/[100] 
(S5), 38°/[111] (S7), 39°/[110] (S9), and 50°/[110] (S11) misorientations, with black regions 
denoting negative values which make up (a) 5 % , (b) 0 %, (c) 3 %, and (d) 24 % of the area. (a) - 
(b) Principal stiffness distributions of 𝛴5 boundaries, the orientation of the [100] misorientation 
axis is shown by the arrow; (c) - (d) Principal stiffness distributions of 𝛴7 boundaries, the direction 
of the misorientation axis [111] is denoted by the white triangle; (e) - (f) Principal stiffness 
distributions of 𝛴9 boundaries, the orientation of the [110] misorientation axis is shown by the 
arrow; (g) - (h) Principal stiffness distributions of 𝛴11 boundaries, the orientation of the [110] 
misorientation axis is shown by the arrow. 

  



 

 
Figure S4. Correlation between grain boundary velocity and the stiffness driving force for 
36.9°/[100] and 38.2°/[111] grain boundaries.  Each data point represents a distinct grain 
boundary plane normal orientation and is colored by the corresponding relative area fraction 
within the total grain boundary population (MRD scale). (a) 215,653 triangles from 354 
𝛴5	36.9°/[100] boundaries; (b) 96,529 triangles from 453 𝛴7	38.2°/[111]	 boundaries 
Correlation coefficients (𝑅0) and fitted trend lines are indicated for each boundary type. 
 



 
Figure S5. Correlation between grain boundary velocity and conventional driving force for various 
CSL boundaries. Each data point represents a distinct grain boundary plane normal orientation and 
is colored by the corresponding relative area fraction within the total grain boundary population 
(MRD scale). (a) 215,653 triangles from 354 𝛴5	36.86°/[100] boundaries; (b) 96,529 triangles 
from 453 𝛴7	38.21°/[111]	  boundaries; (c) 837,206 triangles from 3804 𝛴9  boundaries; (d) 
215,653 triangles from 751 𝛴11 boundaries. Correlation coefficients (𝑅0) and fitted trend lines are 
indicated for each boundary type. 

 



 
 
Figure S6. Correlation between the effective grain boundary mobility estimated by dividing the 
experimental velocity by stiffness driving force and the mobility from calculation [4, 7] as a 
function of angular deviation from (1-10) for tilt boundaries with a 60°/[111] misorientation. 
Data points represent averaged values computed from all mesh triangles with plane normal 
deviating less than 7° from the target orientation vector. 
 

 
 
Figure S7. Comparison of the stiffness driving force, effective mobility computed by dividing 
the measured velocity by the stiffness driving force, the computed mobility [7], and the measured 
velocity for the 37°/[100] (S5), 38°/[111] (S 7), and 39°/[110] (S9) grain boundaries. 
 



 
S5. Shortest distance method for tracking meshed triangles in two states 

The function tracks the velocity of grain boundary triangles by matching each triangle in the 

initial state to its nearest neighbor in the final state. The method assumes that all meshed triangles 

that belong to the initial state can be matched to the final state. It identifies the closest centroid in 

the final state for each triangle in the initial state using a KD-tree nearest-neighbor search. The 

resulting displacement vectors between matched centroids provides a measure of motion, and 

projecting these displacements along the computed normals gives the normal displacements.  The 

displacements are plotted versus driving force in Fig. S8. 

 
 

 
Figure S8. Correlation between stiffness driving force and corresponding triangle normal 
displacement for the boundary visualized in Fig. 5. 
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