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The energies of grain boundaries in Ni and a-Fe have been compared to the planar coincident site density (PCSD)
of grain boundaries with £ < 33 in the FCC and BCC structures. The PCSD is not correlated to the energies and is
therefore not a useful predictor of the grain boundary energy. Because grain boundary relative area is often an
indicator of grain boundary energy, measured grain boundary areas are also compared to the PCSD and again no

correlation is observed. The absence of a correlation likely arises from the fact that coincident sites at grain
boundaries do not generally have local coordination environments that are similar to the bulk sites and are
therefore not expected to lead to reduced grain boundary energies.

The planar coincident site density (PCSD) of a grain boundary is the
number of coincident sites per grain boundary area [1,2]. The PCSD was
hypothesized to be inversely correlated to grain boundary energy based
on the idea that atoms situated at coincident lattice sites would in some
way be more ideal than those at non-coincident sites. Sutton and Bal-
luffi’s [3] 1987 paper on geometric criteria for low energy interfaces
critically examined the relationship between PCSD and grain boundary
energy and concluded that the existing data provided no support for the
hypothesis that they were related.

We were motivated to re-examine this hypothesis for three reasons.
First, earlier formulae to compute the PCSD contained an error that has
recently been corrected by Morawiec [4], and this makes an improved
comparison possible. The second reason is that the data available for
comparison in 1987 was relatively sparse. Since that time, the expanded
capabilities of atomistic computer simulations to compute grain
boundary energies [5], the ability to measure relative grain boundary
energies from three-dimensional microstructure data [6,7], and the
ability to measure grain boundary relative area distributions [8] has led
to a comparative wealth of data that can be used to test the PCSD hy-
pothesis. Third, despite Sutton and Balluffi’s [3] conclusion that there is
no support for the hypothesis that planar coincident site density is a
predictor of grain boundary energy, it is not unusual to read contrary
assertions in the contemporary materials science literature, particularly
with reference to "special" boundaries.

As a test of the hypothesis, we will use the planar coincident site
densities computed using Morawiec’s [4] formula for coincident site
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lattice (CSL) grain boundaries with ¥ < 33 in the FCC and BCC structures
(cF and cI lattices). We use the same X cutoff as Morawiec because this
range provides the best test of the hypothesis that large coincidence
leads to low grain boundary energy. The maximum PCSD is 2.31 and the
minimum is zero. The range 3 < ¥ < 33 includes the maximum PCSD as
well as values less than one-tenth of the maximum (0.14), covering 94 %
of the possible range. For comparison, we use the energies of Ni [9] and
a-Fe [10] grain boundaries provided by continuous functions that pro-
vide the energies of any grain boundaries for which all five macroscopic
parameters are supplied. These functions were fit to the energies of grain
boundaries computed by molecular dynamics [11,12] and are consistent
with experimental data [13]. For grain boundary relative area data, we
will use data available in the grain boundary archive [14]. Throughout
this letter, all boundaries are specified with the notation w/[uvw]|(hkl),
where o is the misorientation angle, [uvw] is the axis of misorientation,
and (hkl) is the grain boundary plane. This notation completely defines
all five grain boundary parameters with no ambiguities.

Fig. 1 compares the PCSD for the first most dense and second most
dense planes for all misorientations with ¥ < 33 in the cF and cI lattices
to the energy of grain boundaries in Ni and a-Fe. The data used in Figs. 1
and 2 are tabulated in Tables S1 through S4. Except for the fact that the
twin boundaries in the cF (60.0°/[111]](111)) and cI (60.0°/[111]|
(121)) lattices have the greatest PCSDs and the minimum energies, there
is no apparent correlation between PCSD and grain boundary energy.
When a line is fitted to the energies for the densest cF lattices, the
"goodness of fit" R? = 0.42; this decreases to R?> = —0.03 when the point
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Fig. 1. Comparison of grain boundary energies to grain boundary PCSD for the two densest boundaries at each misorientation with £ < 33. (a) Ni and (b) a-Fe. Each
point represents the grain boundary energy and PCSD of a boundary with fixed misorientation and grain boundary plane orientation.
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Fig. 2. PCSDs for the most dense planes for all misorientations with £ < 33 in the cF and cI lattices are compared to the relative grain boundary area data. (a) Al, Ni,

and Cu. (b) o-Fe and W.

for 60.0°/[111]|(111) is excluded. It is also noteworthy that the grain
boundary with the second lowest energy (21.8°/[111]|(111)) has one of
the lowest PCSDs and the grain boundaries with the third (26.5°/[110]|
(331)) and fourth (36.9°/[100]|(021)) largest PCSDs have the largest
grain boundary energies, contradicting the hypothesis that grain
boundary energy and PCSD are inversely correlated. The energies of
each grain boundary’s second largest PCSD are also uncorrelated (R? =
—0.02) to PCSD.

Analogous to the result for cF, there is no correlation between grain
boundary energy and PCSD for boundaries between cI lattices. Fitting all
of the densest points yields R> = 0.23 and if the twin is excluded it de-
creases to R? = —0.03. The second lowest energy grain boundary ((59.0/
[110] |(2§5))) has among the lowest PCSDs and the second (36.9°/
[100]|(031)), third (60.0°/[111]|(111)), and fourth (38.2/[111]|(213))
largest PCSDs have larger than average energies. Taken together, these
results show no support for the hypothesis that the PCSD is a predictor of
the grain boundary energy, consistent with Sutton and Balluffi’s [3]
conclusion.

The grain boundary energies in Fig. 1 were determined from func-
tions [9,10] fit to discrete data [11,12]. This approach was taken
because energies for many of the boundaries were not available in the
original discrete data. A much richer set of grain boundary energies was
recently computed for Al [5] that contains data for about 70 % of the
boundaries considered here. When these energies are used in place of the

interpolated energies, the agreement is not improved, as illustrated in
Fig. S1. We note that grain boundary energies computed by simulation
are sensitive to the assumed interatomic potential. However, it has been
shown that while different potentials lead to different absolute values of
the energy, the energy landscape (variation with crystallographic pa-
rameters) is almost unaffected by the potential [15]. Therefore, energy
values computed by different potentials are expected to be proportional
to those used here and not alter the conclusion.

A second way to seek a correlation between the PCSD and grain
boundary energy is to examine the relative grain boundary areas. It has
been found that in materials without significant texture that evolve by
normal grain growth, the grain boundary relative area (1) is inversely
correlated with the grain boundary energy (y), so that the observations
approximate the following relation: Axexp( — ky), where k is a constant
[16-18]. Therefore, if there is also an inverse correlation between PCSD
and energy, we expect the relative area to obey the same relation, but
with a positive sign in the exponent. To test this idea, existing relative
grain boundary area data [16,19-22] available in the grain boundary
data archive is examined [14].

Fig. 2 compares the PCSD for the most dense planes for all mis-
orientations with X < 33 in the cF and cI lattices to the relative area data.
The data in Fig. 2a compares the PCSDs for the cF lattice with three FCC
metals, Al [22], Ni, and Cu [21]. Other than the fact that the coherent
twin has the maximum relative area and PCSD, there is no other
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Fig. 3. Grain boundary plane distributions for the X7, %9, and 211 misorientations in Ni with the planes with the largest and second largest PCSD labeled. Each
distribution is displayed in stereographic projection along the [001] axis, indicated by the white square in each plot. (a) For £7, the misorientation axis, [111], is
marked by the triangle. The three white circles mark the orientations of the (321)[[(231), (213)||(312), and (123)||(123) boundaries and the three white diamonds
mark the orientations of the (514)||(541), (145)||(415), and (451)||(154) boundaries. The plane with the largest PCSD, (351), is marked with a dashed square and
the plane with the second largest PCSD, (213), is marked by a dashed circle. (b) For £9, the [110] misorientation axis is shown by the arrow. The white diamond
(circle) marks the orientation of the (114)||(114) ((221)]](221)) symmetric tilt grain boundary. The plane with the largest PCSD, (111), is marked with a dashed
square and the plane with the second largest PCSD, (221), is marked by a dashed circle. (¢) For 11, the [110] misorientation axis is shown by the arrow. The white
diamond (circle) marks the orientation of the (113)||(113) ((332)||(332)) symmetric tilt grain boundary. The plane with the largest PCSD, (113), is marked with a
dashed square and the plane with the second largest PCSD, (332), is marked by a dashed circle.

apparent correlations in these data. For most of the data, the relative
areas are spread over two orders of magnitude at a constant PCSD. The
data in Fig. 2b compares the PCSDs for the cI lattice with two materials
with this lattice, a-Fe [16] and W [20]. As for the cF lattice, there is no
apparent correlation between the PCSD and the relative grain boundary
area.

Finally, we compare the grain boundary planes with the largest and
second largest PCSDs to selected grain boundary area distributions (see
Fig. 3). For the X7 misorientation in Ni [21], we can see that both the
largest and second largest PCSD planes do not coincide with the
maximum and occur at relatively low points in the distribution. For the
>9 misorientation, the largest PCSD is at a relatively large value, but not
at the maximum. The second largest PCSD is at a minimum of area. For
the £11 misorientation, the second largest PCSD is also at a minimum of
area, but the largest PCSD is at the maximum. So, of the six possible
boundaries, only one corresponds to a maximum in the distribution.

The present comparison of the PCSD to the grain boundary energy
and population leads to the same conclusion reached by Sutton and
Balluffi [3] - that the PCSD is not a predictor of grain boundary energy.
In this case, the conclusion was confirmed from more extensive data and
using a corrected formula to compute the PCSD. While this result will
not be surprising to some, the presentation of these data is intended to
convince those who still argue that PCSD is an indicator of low energy
grain boundaries.

One might still argue that for especially large PCSDs, it might be an
indicator of low energy. For example, the boundaries with the maximum
PCSDs in the cF and cI lattices have the minimum energy (Fig. 1) and the
usually have the maximum population (Fig. 2). However, support for
such an argument is weak because there are only two boundaries in this
subset of the data. Furthermore, that support is undermined by the fact
that the minimum energy boundary in the cI lattice (60.0°/[111]|(121))
has a PCSD of 0.82 while the 36.9°/[100]|(021) boundary in the cF
lattice has a PCSD of 0.89 and is one of the highest energy boundaries. In
other words, a relatively large PCSD in the range of 0.89 does not
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Fig. 4. Schematic depiction of the 36.9°/[100] |(0§1) boundary in the cP lattice
projected along the [001] direction. The coordination at the coincident sites at
the boundary differs considerably from those in the bulk.

automatically impart a low energy to a boundary.

The 60.0°/[111]|(111) boundary might be considered an outlier in
the sense that it has nearly twice the PCSD of the next highest boundary
(2.31 for 60.0°/[111]](111) and 1.21 for 50.5/[110]|(113)). This is
probably the one boundary where planar coincidence has an impact on
the energy. Because of the very special geometry of this boundary, the
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first nearest neighbor coordination of the atoms in the boundary is un-
altered. However, this is the only boundary where this is the case. As
illustrated in Fig. 4 for the 36.9°/[100] |(0§1) boundary, the coordina-
tion environment for the coincident sites at the boundary is nothing like
it is in the bulk. In other words, the fact that atoms at the boundary are at
coincident sites imparts no advantage with respect to a coordination
environment that would lead to a reduced energy. From this perspective,
it is not obvious why coincident sites should be connected to a low grain
boundary energy, except for the special case of the 60.0°/[111]|(111)
boundary in the cF lattice.

In summary, there is no evidence that the PCSD is related grain
boundary energies or populations. This conclusion is based on bound-
aries with the largest and second largest PCSDs for CSL misorientations
with £ < 33 and reinforces the conclusion originally reached by Sutton
and Balluffi [3].
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Table S1 contains the data used to plot Figure 1(a) and Figure S1. The densest and second
densest planes are from reference [1] and the aluminum grain boundaries energies are from
reference [2]. The nickel grain boundary energies are computed using the results of reference
[3]. The planar coincident site density for the cF lattice is calculated following reference [1].

Specifically:

PCSD =

4
VBraZ
Where [y; and X (inverse lattice coincidence) are factors defined in reference [1] and listed in
Table S1.

Table S2 contains the data used to plot Figure 1(b). The densest and second densest planes
are from reference [1] and the a-Fe grain boundary energies are computed using the results of
reference [4]. The planar coincident site density for the cl lattice is calculated following

reference [1]. Specifically:

PCSD =

2
VB2

Where [y; and X (inverse lattice coincidence) are listed in Table S2.



Table S1. PCSD and grain boundary energy data for the cF lattice

Y First densest P | PCSD YNi YAl Second densest B | PCSD YNi YAl
J/m? | J/m? Jm? | Jm?
3 | (1)||Ain | 1 | 231 | 020 | 0.08 (121)]](112) 8 | 0.82 | 096 | 035
5 (021)[|(012) | 4 | 0.89 | 135 | 0.94 (531)]1(531) 7 | 068 | I.11
7 | (351)[|(53T) | 5 | 0.68 | 1.07 | 035 (213)]|(312) 8 | 053 | 121 | 046
9 | @ip(115) | 3 | 077 | 111 (221)|1(221) 4 | 067 | 121 | 045
11 | (113)]|(13) | 1 1.2 | 079 | 0.15 (332)]](332) 8 | 043 | 1.04 | 039
13a | (023)||(032) | 4 | 055 | 1.14 | 043 (051)||(051) 8 | 039 | 1.21 | 0.49
13b | (93D)||(913) | 7 | 042 | 1.04 | 0.52 (431)]](341) 8 | 039 | 1.19 | 047
15 | (AID]|(715) | 5 | 046 | 1.26 (125)]|(125) 8 | 037 | 1.17 | 043
17a | (041)[|(041) | 4 | 049 | 128 | 0.49 (053)]](035) 8 | 034 | 123 | 047
17b | (159)]|(171) | 3 | 056 | 1.01 | 0.32 (322)]](232) 4 [ 049 | 1.03 | 037
19a | 33D)||(331) | 1 | 092 | 1.22 | 043 (116)]](116) 8 | 032 | 1.08 | 039
195 | (532)||(352) | 8 | 032 | 113 | 047 | (1117)||(7111) 9 | 031 | 093
2la | (11D||A1D | 7 03 | 077 | 021 (415)]|(514) 8 | 031 | 1.09 | 045
21b | (142)||(124) | 4 04 | 1.18 | 0.44 A1)||(511 1D 7 1033 | 124
23 | (359)]1(395) | 5 | 037 | 130 (163)](136) 8 | 029 | 1.26
25a | (043)][(034) | 4 | 0.40 | 0.94 | 0.39 (071)]](071) 8 | 028 | 098 | 0471
25b | (517)|1(157) | 3 | 046 | 1.06 | 0.50 (453)1(453) 8 | 028 | 1.09
27a | (115)]|(115) | 1 | 077 | 1.05 | 0.36 (552)|1(552) 8 | 027 | 125
27b | (127)]|(127) | 8 | 027 | 1.21 | 0.52 (511)[|(511) 9 | 026 | 131 | 0.53
(111)]|(7 135) 9 | 026 | 1.28
29a | (052)]|(052) | 4 | 037 | 138 | 051 (037)]](073) 8 | 026 | 139 | 0.52
29b | (432)||(342) | 4 | 037 | 1.16 (11 19)[|(5313) 7 1 028 | Ll11
3la | (165)(/(156) | 8 | 025 | 0.98 (13153)]|(15133) | 13 | 020 | 0.86
31b | (799)]|(3115)] 5 | 032 | 115 (273)]](237) 8 | 025 | 1.04
33a | (557)|](113) | 3 | 0.40 | 0.99 (441)||(441) 4 | 035 | 1.07 | 042
33b | B1D||BID) | 3 | 040 | 1.26 | 047 1749)1(147) 8 | 025 | 125 | 0.54
33¢ | (77D)]|(113) | 3 | 040 | 091 | 0.30 (225)](225) 4 | 035 | 097 | 032




Table S2. PCSD and grain boundary energy data for the cl lattice

) First densest S | PCSD YFe Second densest S | PCSD YFe
3 | (12)j112) | 2 | 0.82 | 043 (11D)[|(111D) 4 | 058 | 1.27
5 | (03D)]](031) | 2 | 0.63 | 1.10 (021)[[(012) 4 | 045 | 1.14
7 (213)]|(312) | 2 | 053 | L.12 (145)]|(415) 6 | 031 | 1.12
9 | (119|114 | 2 | 047 | 111 (221D)][(221) 4 ] 033 | 1.22
11 | (332)[1(332) | 2 | 043 | 1.10 (113)]](113) 4 | 030 | 1.07
13a | (051)||(051) | 2 | 039 | 1.02 (023)]](032) 4 | 028 | 1.02
13b | (43D)]|(341) | 2 | 039 | 1.13 (725)]1(752) 6 | 023 | 1.14
15 | (129)])(125) | 2 | 037 | 117 (310)||(815) 6 | 021 | 1.24
(130)][(475) 6 | 021 | 1.22

17a | (053)[|(035) | 2 | 034 | LIl (041)||(041) 4 | 024 | 1.09
17b | (433)||(343) | 2 | 034 | 115 (322)[[(232) 4 | 024 | 091
19a | (116)||(116) | 2 | 032 | 0.98 (33D)[(331) 4 | 023 | 1.13
19b | (532)[|(352) | 2 | 032 | 0.97 (178)1(718) 6 | 019 | 0.98
2la | (415)||(514) | 2 | 031 | 1.05 (123)[](213) 6 | 0.18 | 1.06
21b | (142)||(124) | 4 | 022 | 1.11 (321)]](11 12) 6 | 018 | 1.15
(123)]|(510 1) 6 | 0.18 | 1.16

(213)[](231) 6 | 018 | 1.15

23 | (163)||(136) | 2 0.29 | 1.14 (578)[|(4 11 1) 6 0.17 | 1.16
25a | (07D)]|(071) | 2 | 0.28 | 0.83 (043)[[(034) 4 | 020 | 0.89
25b | (453)]|(453) | 2 | 028 | 1.06 (1071)||(11 52) 6 | 0.16 | 1.09
27a | (552)||(552) | 2 | 027 | 1.18 (115)]|(115) 4 1 019 | 1.04
27b | (127)]|(127) | 2 | 027 | 1.08 (41D)]|(511) 6 | 016 | 1.19
29a | (037)[|(073) | 2 | 026 | 1.18 (052)]](052) 4 | 019 | 1.18
29b | (432)||(342) | 4 | 0.19 | 1.09 (72 1D)]|(27 11) 6 | 015 | 1.19
(1075)]](13 21) 6 | 015 | 1.14

3la | (165)]|(156) | 2 | 0.25 | 0.97 (47 1D)||(74 11) 6 | 0.15 | 098
31b | (273)]1(237) | 2 | 025 | 1.09 (13 14)[|(11 18) 6 | 015 | 1.20
33a | (118)||(118) | 2 | 0.25 | 0.87 (441)[|(441) 4 | 017 | 099
33b | (174)||(147) | 2 | 025 | 1.13 (233)]|(513 2) 6 | 014 | 1.20
33c | (554)||(554) | 2 | 025 | 1.23 (225)]|(225) 4 1017 | 076
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Figure S1. Comparison of Al grain boundary energies to grain boundary PCSD for the two
densest boundaries at each misorientation with X <33.




Table S3. PCSD and relative area data for the cF lattice

b First densest S | PCSD | Al Area, MRD | Ni Area, MRD Cu Area, MRD
3 | uy)ain | 1 | 231 41.4 1490 2240
5 | (021)]|(012) | 4 | 0.89 0.353 0.211 0.186
7 | (351)|I(53T) | 5 | 0.68 1.51 0.742 0.0080
9 | @aiy|(Is) | 3 | 077 1.01 2.81 11.1
11| (113)]](113) | 1 1.2 428 2.56 2.52
13a | (023)](032) | 4 | 055 0.787 0.370 0.259
13b | (931)]|(913) | 7 | 0.42 1.30 0.491 0.253
15 | d1n)|)(715) | 5 | 046 0.454 0.474 0.194
17a | (041)]](041) | 4 | 049 0.280 0.111 0.121
17b | (155)||(171) | 3 | 0.56 1.96 0.683 0.222
19a | (331)|(331) | 1 | 0.92 1.26 0.0760 0.313
196 | (532)||(352) | 8 | 032 0.368 0.109 0.256
2la | (111)]j(A11) | 7 | 03 5.10 1.84 0.861
21b | (142)|(124) | 4 | 04 1.20 0.356 0.417
23 | 359)1(395) | 5 | 037 0.341 0.0550 0.459
25a | (043)]|(034) | 4 | 040 1.9800 0.777 0.459
25b | (517)|](157) | 3 | 046 3.5580 2.14 0.837
27a | (115)])(115) | 1 | 0.77 0.955 3.13 12.1
27b | (127)]|(127) | 8 | 0.27 0.460 0.310 1.62
29a | (052)](052) | 4 | 037 0.191 0.179 0.107
29b | (432)]|(342) | 4 | 037 0.0890 0.143 0.114
3la | (165)||(156) | 8 | 0.25 2.72 0.866 0.276
31b | (795)[|(3115)| 5 | 032 0.465 0.446 0.231
33a | (557)]|(113) | 3 | 040 2.21 1.29 0.320
33b | 31D)[|(BID) | 3 | 040 0.478 0.409 0.123
33c | (77D)]|(113) | 3 | 040 3.21 1.97 11.3




Table S4. PCSD and relative area data for the cl lattice

Y First densest S | PCSD | Fe Area, MRD | W Area, MRD
3 | @azy|@iz) | 2 | 082 13.1 2.71
5 | (031)[|(031) | 2 | 0.63 0.313 1.18
7 | (213)[|(312) | 2 | 053 1.00 0.912
9 | (14))|(114) | 2 | 047 0.808 0.458
11 | (332)|(332) | 2 | 043 1.10 0.763
13a | (051)]|(051) | 2 | 039 0.840 1.11
13b | (431)]|(341) | 2 | 0.39 1.78 0.723
15 | (125)]|(125) | 2 | 037 0.544 1.02
17a | (053)]](035) | 2 | 0.34 0.608 0.953
17b | (433)[1343) | 2 | 034 0.644 0.0800
19a | (116)|[(116) | 2 | 0.32 2.30 1.08
195 | (532)||(352) | 2 | 032 1.36 1.19
2la | (415)||(514) | 2 | 031 1.96 0.758
21b | (142)||(123) | 4 | 0.22 0.937 0.860
23 | (163)[|(136) | 2 | 029 0.287 0.913
25a | (071)]](071) | 2 | 028 2.15 1.04
25b | (453)||(453) | 2 | 0.28 0.872 1.40
27a | (552)||(552) | 2 | 027 1.94 0.475
27b | (127)(|(127) | 2 | 027 0.552 0.914
29a | (037)[|(073) | 2 | 026 0.415 0.894
29 | (432)||(342) | 4 | 0.19 0.895 0.969
3la | (165)]|(156) | 2 | 0.25 2.58 1.09
31b | (273)]1(237) 2 0.25 0.973 1.07
33a | (118)||(118) | 2 | 0.25 2.30 1.08
33b | (174)||(147) | 2 | 025 0.542 0.757
33c | (554)|1(554) | 2 | 025 1.67 0.994
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