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Measurements of the grain boundary population as a function
of misorientation and boundary plane orientation show that
the distribution is inversely correlated to the sum of the
energies of the surfaces comprising each boundary. The ob-
served correlation suggests that the difference between the
energy of a high-angle grain boundary and the two component
surfaces is relatively constant as a function of misorientation.
Two exceptions to this correlation were identified: low-
misorientation-angle boundaries and the coherent twin bound-
ary, where the (111) planes in the adjoining crystals are
parallel to each other, but rotated by 60° around the [111] axis.
In these cases, the high degree of coincidence across this
interface probably lowers the boundary energy with respect to
that of the component surfaces. For all other boundaries, the
anisotropy of the population is accurately predicted by the
surface energy anisotropy, and in general, boundaries display
a preference for {100} orientations, the planes of minimum
surface energy.

I. Introduction

TO DISTINGUISH one type of grain boundary from another at the
mesoscale, the values of five independent parameters must be

specified. Three parameters describe the lattice misorientation and
two parameters describe the interface normal. The number of
distinct combinations of these parameters is so large that it has
been common practice to simplify the situation by studying
variations in the population and properties over only a subset of the
variables.1 For example, some studies measure only the distribu-
tion of misorientations while others concentrate on special orien-
tation relationships, such as high coincidence configurations. By
taking advantage of automated digital microscopy, it is now
possible to measure the relative frequency of occurrence of a grain
boundary as a function of both misorientation and boundary plane
normal.

The work described here was motivated by two interesting
observations that resulted from a five-parameter analysis of grain
boundaries in MgO.2 The first observation is that there are
preferred orientations for grain boundary planes and the population
distribution exhibits an inverse correlation with the grain boundary
energy. In other words, the most frequently observed boundaries

have the lowest energies. The second and more surprising obser-
vation is that the variations in the energies of general boundaries
correlate to a model based on the sum of the free surface energies
of the constituent planes. If we imagine creating a grain boundary
by first creating the two free surfaces and then joining them, we
can say that the boundary energy is the sum of the two surface
energies, minus a binding energy that results from the interactions
of the atoms on either side of the interface.3 The observed
correlation between the grain boundary and surface energies
indicates that this binding energy is approximately constant for
different boundaries. While special cases with remarkable planar
coincidence are expected to have significantly increased binding
energies (for example, low-angle boundaries), it is a reasonable
hypothesis for general boundaries where the superimposed repeat
units on either side of the boundary are incommensurate.

The most appealing feature of the correlation between surface
energy, grain boundary energy, and population is that the surface
energy is only a two-parameter function and, in comparison to the
five-parameter grain boundary energy, is more easily measured.
Therefore, if the correlation between these quantities proves to be
a general trend in polycrystalline materials, then it has the potential
to greatly accelerate our understanding of grain boundary anisot-
ropy. The purpose of this paper is to test the generality of the
observations in MgO by measuring the distribution of grain
boundaries in SrTiO3 and determining the extent of its correlation
to the surface energy anisotropy.

II. Experimental Procedure

The grain boundary distribution, �(�g,n), is defined as the
relative frequency of occurrence of a unit area of grain boundary
with misorientation, �g, and boundary plane normal, n. The
distribution is measured in units of multiples of a random distri-
bution (MRD) so that if the distribution of grain boundaries were
random, then the value of � at all values of �g and n would be 1.
The value of � is greater than 1 when the total area of a specific
type of boundary is larger than would be expected in a random
distribution; values less than 1 are associated with the types of
boundaries whose total areas are less than expected in a random
distribution. The methods used to measure �(�g,n) for SrTiO3 are
similar to those used in the study of MgO; a detailed account of
these methods has already been published.4 The aspects of the
experimental procedure that differ from the earlier reports are
described below.

Because the polycrystalline sample used for the current study
was previously used to measure the surface energy anisotropy, its
preparation has already been described in detail.5 Of relevance to
the current paper, the sample was made from 99% pure SrTiO3

(Pm3�m) powder (Aldrich Chemical Co., Inc., Milwaukee, WI)6

and the final heat treatment was a 1650°C anneal in air for 20 h.
After this step, the grain size was �90 �m. The sample was then
lapped flat with a 3 �m alumina slurry to remove the surface
region and polished with a 0.02 �m colloidal silica slurry to create
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a surface that was flat to within �0.2 �m over the entire sample
surface. To reveal the positions of the grain boundaries, the
polished sample was thermally etched at 1400°C for 6 min in air.
Grain boundary migration was not observed during this final
procedure. It should be noted that while the grooves were formed
at 1400°C, the grain boundary configurations were determined by
the high-temperature anneal at 1650°C and results reported here
are representative of grain boundaries in the bulk of the sample at
this temperature.

The grain boundary configurations were determined by analyz-
ing data from two parallel planar sections, each with an area of 0.3
cm2, but vertically separated from each other by 5.2 � 0.3 �m.
Each section was characterized using arrays of many smaller
overlapping orientation imaging microscopy (OIM) and optical
microscopy images. The positions of the grain boundaries were
derived from the optical images and the misorientations across the
boundaries were determined from the OIM images. A portion of
these data are illustrated in Fig. 1. More than 5000 distinct grains
were identified and more than 1 � 105 triangular segments or
individual boundary planes were used to approximate the contin-
uous interfacial network. We estimate that of these planar seg-
ments, there are at least 3 � 104 distinct boundaries that are
sometimes subdivided in smaller segments.

To classify each triangular segment, we specify the misorien-
tation (�g) using three Eulerian angles (�1, �, �2) and the
boundary plane orientation (n) using two spherical angles (	, �).
These angles are parameterized by �1, cos �, �2, cos 	, and �, so
that the domain can be easily partitioned into equal volume units.
Here, each range of 
/2 is divided into nine discrete cells, so that
the continuous function �(�g,n) is approximated by a discrete set
of grain boundary types. This is easiest to understand by visual-
izing the misorientation domain as a three-dimensional rectangular

parallelepiped. This is represented schematically in Fig. 2(a),
which also indicates the range of each parameter. Each point in this
space corresponds to a particular misorientation, and for each point
we can plot the distribution of grain boundary normals, n, on a
two-dimensional stereographic projection in the range of 0 � � �
2
 and 0 � cos 	 � 1, as illustrated in Fig. 2(b). Note that for each
of the 93 misorientations there are 4�92 directions for n, and this
yields a total of 4�95 (�236,196) cells in the five-dimensional
domain. Of these, 6561 are crystallographically distinguishable.
After adding the area of each observed triangular grain boundary
segment to its corresponding equivalent cells, the area in each cell
is normalized by the average area per cell so that the resulting

Fig. 1. (a) EBSP grain map and (b) grain boundary skeleton of the SrTiO3 sample. These images show 40% of the analyzed surface area on one layer of
the sample. Areas of constant gray level in the EBSP grain map have a constant orientation. For display purposes, an iterative cleanup procedure was
implemented that eliminated unreliable points by dilating the grains to replace the poorly indexed data points by their correctly indexed neighbors.

Fig. 2. Parameterization of �(�g,n) into (a) three lattice misorientation
parameters and (b) two boundary plane orientation parameters. In the
misorientation space, there are 93 cells and for each of these cells, there is
a stereographic projection for the boundary plane normals with 4�92 cells.
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value is a multiple of a random distribution (MRD). The details
involved in recording and analyzing the data have been described
previously.4 In the next section, we will examine �(n) at different
misorientations.

III. Results

The SrTiO3 examined here had no significant grain orientation
texture. The grain misorientation texture was also weak. The only
prominent feature was an enhancement of the population of
low-misorientation-angle grain boundaries, which peaked at a
value of 2.43 MRD. In contrast to our previous study of MgO, this
situation permits a more comprehensive analysis. In the prior
study, the sample had strong axial �111
 texture.4 Because the
sample was sectioned in planes perpendicular to this axis, the
observed population of [111] twist boundaries, including the
coherent twin (�3), was artificially lower than the true population.
The random texture of the SrTiO3 sample makes it possible to
characterize the entire range of grain boundary types.

Although the orientation and misorientation texture were limited,
the grain boundary planes did show preferred orientations. The
frequency of grain boundary plane normals (�(n)) for all observed
grain boundaries, regardless of misorientation, are shown in stereo-
graphic projection down the [001] axis in Fig. 3(a). The peaks on this

plot indicate grain boundary plane orientations that make up a higher
than random fraction of the entire grain boundary area and valleys
indicate plane orientations that are more scarce than expected in a
random distribution. In this case, grain boundaries are more frequently
terminated by {100} planes than any other orientation.

Recent measurements of the surface energy anisotropy of SrTiO3

have shown that the minimum occurs at the (100) orientation.5 For
comparison, this result is reproduced in Fig. 3(b). This comparison
illustrates the qualitative trend that grain boundaries comprised of
low-energy surfaces are observed more frequently than those made up
of higher-energy surfaces. This trend is quantified in Fig. 4(a), which
illustrates the correlation between the grain boundary population and
the minimum angular deviation of the grain boundary plane normal
from �100
. Boundaries near �100
 occur with twice the frequency of
those that are 45° from �100
. The correlation between the sum of the
surface energies that make up the boundary and the population is
shown in Fig. 4(b). This illustrates that boundary configurations made
up of low-energy surfaces are observed more frequently than those
made up of high-energy surfaces. To quantify this relationship, we
have used the Spearman7,8 rank-order correlation coefficient (rs),
which ranges from �1 to 1, to indicate perfect negative and positive
correlations, respectively; for rs � 0, no correlation exists. Using this
measure, rs � �0.63, which indicates a moderate to strong negative
correlation.

The anisotropy in �(n) at fixed values of the misorientation
parameters always varies by a factor of 2 or more and, therefore, is
larger than suggested by the misorientation averaged data (Fig. 3(a)).
To display the data, we choose a misorientation axis and a rotation
about that axis (this corresponds to picking a point in the three-
dimensional space in Fig. 2(a)) and then plot the two-dimensional
distribution of grain boundary plane normals on a stereographic
projection. A selection of these data is shown in Fig. 5, where the
distribution of plane orientations for grain boundaries with 20°
misorientations about [110], [111], and [952] are shown. Note that as
indicated by the data in Figs. 3 and 4, the trend is that the distribution

Fig. 3. (a) Misorientation averaged distribution of grain boundary planes
plotted in stereographic projection. The (100), (110), and (111) planes are
marked by Q, C, and a circle with a triangle, respectively. (b) The surface
energy of SrTiO3 at 1400°C, also plotted in stereographic projection, from
Ref. 5.

Fig. 4. (a) Values of the grain boundary population as a function of the
minimum angular deviation of the two grain boundary planes from �100
,
	100. The circle at each value of 	100 is the average of all values within a
range of 3.65°. (b) The average value of the population plotted as a
function of the sum of the two surface energies. The circle at each value
represents the average population for all boundaries within a range of 0.012
au; in both graphs, the bars indicate 1 standard deviation above and below
the mean.
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always peaks near {100}. To illustrate the details of the correlation
between the surface energy and grain boundary population at indi-
vidual misorientations, the population of grain boundary planes
observed at three misorientations about [100] is compared with the
hypothetical energy anisotropy constructed from the measured surface
energy anisotropy (see Fig. 6). Note that for all misorientations about
the [100] axis, the population peaks at the (100) position. This is the
pure twist boundary (n is parallel to [100]) for which both sides of the
boundary are terminated by a low-energy (100) plane, regardless of
the misorientation angle. For other types of boundaries, if one of the
two crystals is terminated by a {100} plane, then the complementary
plane terminating the second crystal must be inclined by the misori-
entation angle away from {100}. This is clearly seen along the zone
of tilt boundaries (from (010), through (001), to (01�0)) for the 40°

misorientation (Fig. 6(c)), where there is a peak at (001) and at a
position 40° from this orientation. In fact, grain boundary configura-
tions where one or both of the terminating planes are {100} are
responsible for the vast majority of all observed peaks in the
distribution, and these data illustrate the general trend that the maxima
in the observed distribution correlate with the minima in the hypo-
thetical energy.

IV. Discussion

The purpose of this research was to test the idea that the grain
boundary population is correlated to the sum of the energies of the
surfaces comprising the boundary. The observations reported here

Fig. 5. Observed distribution of grain boundary plane normals for boundaries with 20° misorientations about the (a) [110], (b) [111], and (c) [952] axes.
The units are in MRD and the distribution is plotted in stereographic projection. In (a), the misorientation axis lies in the plane of the page and is shown as
an arrow; in (b) it is inclined with repsect to the paper at the [111] position, marked by a triangle; and in (c) it is also inclined with respect to the plane and
denoted by an �.

Fig. 6. Observed distribution of grain boundary plane normals for boundaries with misorientations of (a) 20°, (b) 30°, and (c) 40° around the [100] axis.
The misorientation axis lies horizontally in the plane of the paper at the position of the [100] pole (indicated by the �). For comparison, the hypothetical
grain boundary energies based on the sum of the two surface energies (d–f) at the same fixed misorientations are also shown.

April 2004 Distribution of Grain Boundaries in SrTiO3 673



are consistent with this idea and, in fact, are very similar to those
reported previously for MgO. The lowest-energy surface of both
SrTiO3 and MgO is (100) and, in both cases, grain boundaries
strongly favor these interface planes. Furthermore, in both cases,
the population shows an inverse correlation with hypothetical
grain boundary energies constructed from the sum of the two
surface energies. We propose that two physical phenomena are
responsible for this correlation. The first is the amplification of the
low-energy boundary population at the expense of the high-energy
boundaries by a combination of boundary repositioning and
annihilation events that occur as an essential part of grain growth.
The second phenomenon is the approximate constancy of the
binding energy, which is the difference between the work to create
two free surfaces and the work to create a grain boundary. As long
as this binding energy is approximately constant, the surface
energy anisotropy can be used to estimate the grain boundary
energy anisotropy. Each of these phenomena is discussed sepa-
rately in the following sections.

(1) Origin of the Textured Distribution
It seems reasonable to assume that the enhanced population of

boundaries terminated by {100} planes is the result of their
properties. The link between five-parameter grain boundary an-
isotropy and final-state microstructure in three-dimensional mate-
rials has not yet been explored in any detail. However, we have
previously observed an inverse correlation between population and
energy of boundaries in MgO9 and the results from two-
dimensional simulations provide some mechanistic guidance.10,11

Holm et al.10 used two-dimensional simulations to show that
during grain growth, the population of grain boundaries with
relatively a low energy increases and the population of high-
energy boundaries decreases. During the simulation, the boundary
distribution rapidly reaches a steady state and this state is not
influenced by the anisotropy of the boundary mobility. Similar
phenomena were reported by Upmanyu et al.,12 who also argued
that grain boundary energy is the dominant anisotropy in two-
dimensional systems. These results were best explained by a model
that increases the length of low-energy boundaries and reduces the
length of high-energy boundaries to satisfy the interfacial equilib-
rium requirement at the triple points. We refer to this as the
equilibrium boundary repositioning process. Note that this process
does not affect the number density of the different types of
boundaries; it simply makes low-energy boundaries longer and
high-energy boundaries shorter. This prediction can be tested.

While the results presented here are per unit area, it is also
possible to examine the number density of the boundaries. In other
words, the boundaries can be counted by type, without normalizing
by the area of each particular segment. To count the number
density, we define a single “boundary” as a group of adjacent
triangular segments that have the same misorientation and whose
normals differ by less than 10°. When analyzed in this way, we
find that the number density of boundaries is less anisotropic than
the area normalized distribution; this indicates that the most
commonly observed boundaries have larger average areas, as
predicted by the model for the equilibrium boundary repositioning
process. However, the remaining anisotropy is significant (approx-
imately 2/3 of the total). In other words, not only are low-energy
boundaries larger on average than high-energy boundaries, but
there are more of them.

The increased number density of low-energy boundaries sug-
gests that there is at least one additional mechanism at work. One
possibility is that the grain boundary energy and mobility are
related, so that higher-energy boundaries have higher velocities. If
so, the faster boundaries move through neighboring grains at a
higher rate and undergo more frequent annihilation. This can lead
to an enhancement in the population of low-energy boundaries
with respect to higher-energy boundaries. It should be noted,
however, that since it is curved boundaries that migrate and such
boundaries have a range of grain boundary normals, this mecha-
nism can probably only apply to misorientation texture. For
example, this might explain the observed enhancement in the

population of low-misorientation-angle grain boundaries. In ongo-
ing studies, we are attempting to determine the magnitude of the
mobility anisotropy and the topological constraints that are needed
to reproduce the observed anisotropies.

(2) Surface Energy–Grain Boundary Energy Correlation
The approximate constancy of the binding energy with grain

boundary type means that relative surface energies can be used as
reliable predictors of the relative grain boundary energy. If this is
true, then the four parameters describing the two surface unit
normals would be enough to specify the grain boundary energy. In
other words, the grain boundary energy would be a function of
four, not five, parameters. The fifth parameter (twist or rotation
about the boundary normal) will not affect the energy. The
population of boundaries should, therefore, also be independent of
the twist angle and this is a supposition that we can test. The data
in Fig. 7 illustrate the population of boundaries with [952] and
[111] misorientation axes, as a function of twist angle. The upper
curve shows that the population of general boundaries is, as
supposed, independent of twist angle. However, the population
does increase significantly at low misorientation angles (labeled
�1). This is expected, since it is known that the energies of
low-angle boundaries decrease with misorientation angle. These
boundaries are best thought of as being made up of coherent
regions of crystal separated by dislocations. As the misorientation
angle decreases and the amount of coherency increases, the
binding energy is expected to increase and eliminate the influence
of the surface energy on the grain boundary energy.

The populations for rotations about [111] are also shown in Fig.
7. These boundaries have the symmetry of their common triad axis
so that the distribution is periodic with a 120° twist rotation and the
special �3 orientation relationships occurs at 60° and 180°. This
boundary has the maximium possible planar coherency, with every
boundary atom in a coincident position. As was the case for the
low-angle grain boundary, it is not surprising that with such a
remarkable degree of coincidence, the binding energy is signifi-
cantly increased and the influence of the surface energies on the
total interface energy is greatly reduced.

(3) Boundaries with low � CSL Misorientations
The enhanced population of �1 and �3 boundaries suggests that

we should examine other boundaries that have a high planar
coincident site density. The distributions of grain boundary planes
at the four lowest � CSL misorientations are illustrated in Fig. 8.
As mentioned earlier, the sample has no significant misorientation
texture and the population of these particular misorientations is not
significantly greater than any other. Of course, it must be under-
stood that the misorientation itself does not guarantee high
coincidence in the boundary plane. The interfaces of highest planar
coincident site density are always the pure twist boundary (plane
normal and misorientation axis parallel) and the symmetric tilt
boundaries (when the misorientation axis is in the boundary plane
and the surfaces on either side of the boundary are the same). For

Fig. 7. Population of [111] and [952] twist boundaries as a function of the
twist angle. The [952] data are offset by �2 MRD for clarity.
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the �3, we see a maximum in the vicinity of the pure twist
boundary formed by two (111) planes rotated by 60°. This
boundary, also referred to as a coherent twin, is the same one that
created the peaks at 60° and 180° for [111] twist misorientations in
Fig. 7. This is also the only example where a boundary formed by
the highest-energy surface planes is a local maximum in the
population. As mentioned before, this probably results from the
coherency across this special boundary. Note that minima are
found at the positions of the {211}-type symmetric tilt boundaries,
which also have a high degree of planar coincidence.

The �5, �7, and �9 boundaries, on the other hand, are no
different from the nonspecial points in misorientation space. The
peaks are all correlated with boundaries that have planes near
{100} and the complements to these surfaces; there are no distinct
maxima at the planes of high coincidence. One apparent exception
is the (100)�(100) twist boundary at the �5 position. However, this
maximum occurs at all [100] misorientations and is better ex-
plained by the presence of the two low-energy planes than by the
coincidence condition. In the interpretation of these data, it should
be noted that because misorientation space has been discretized in
approximately 10° increments, the plots in Fig. 8 average the
distribution of grain boundary planes at each CSL misorientation
with those of neighboring misorientations within a 10° window.
Thus, if there are cusps in the distribution at the CSL misorienta-
tions, the true population will be diluted by the coarse discretiza-
tion. The effect is that extreme values move closer to the average

value of 1. Thus, while the discretization may cause us to
underestimate the actual values at the extreme positions in the
distribution, it does not alter the basic conclusion that for misori-
entations other than �1 and �3, the coherent boundary planes that
do not have the {100} orientation are local minima in the
population.

Two points should be emphasized about the special nature of
the �3 orientation relationship. The first is that the data in Figs. 7
and 8 show that the orientation relationship is significant only
when the boundary is terminated by two (111) planes. Only this
one configuration should be regarded as “special” by virtue of its
relatively high population. The second point is that this boundary
represents a very small fraction of the entire population, and its
population is no higher than the {100} terminated boundaries that
occur at all misorientations. For example, the {100} terminated
boundaries in Figs. 5 and 6 all have populations greater than or
equal to that of the coherent twin. The conclusion from this
analysis it that while there are certain special boundaries such as
�1 and �3 where there is a very high planar coincidence, the
binding energy appears to be constant for the general boundaries
and these are the interfaces that dominate the overall population.

Ernst et al.12 have recently reported that the �3 orientation
relationship occurs with a higher than random frequency in
SrTiO3. Using orientation imaging microscopy, 90 grain boundary
misorientations were analyzed and 5 (6%) were found to have the
�3 orientation relationship, within Brandon’s13 criterion. The

Fig. 8. Observed grain boundary plane normal distributions for (a) �3 (60°/[111]), (b) �5 (37°/[100]), (c) �7 (38°/[111]), and (d) �9 (39°/[110])
misorientations. In each plot, the squares mark the position of the symmetric tilts and the circles the positions of the pure twist boundaries: (a) twist (111),
tilt (2�11), (1�1�2), and (12�1); (b) twist (100) and (1�00), tilt (031), (012), (01�3), and (02�1); (c) twist (111), tilt (3�21), (2�1�3), and (13�2); (d) twist (110) and (1�1�0),
tilt (2�21) and (11�4). The reference frame is the same as in Figs. 5 and 6.
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boundary plane orientations were not measured. When we analyze
our data in the same way as Ernst et al.,12 we find that of 75,088
20-�m grain boundary segments, 1276 have the �3 orientation
relationship. This is 1.7% of the population and the calculated
MRD value is 0.96. When we consider the fractional area, we find
that 2.07% of the boundary plane area is within the same tolerance
of �3 (corresponding to 1.18 MRD). In other words, boundaries
with the �3 misorientation in our sample occur with the frequency
expected in a random distribution. The enhanced population of �3
boundaries reported in the prior study might be the result of the
sample composition (which contained 1 mol% excess TiO2 and 0.4
atom% Fe doping).

One aspect of the tendency to form boundaries on {100} planes
is that asymmetric configurations will naturally result. This is best
seen along the axis of tilts in Fig. 8(b), where the peaks in the
population are at (010)�(043) and the minima are at the symmetric
(012)�(021) position. This observation is consistent with a recent
study of the temperature dependence of the structure of a �5 tilt
boundary in SrTiO3, which found that an initially symmetric (310)
boundary faceted into a configuration with parallel {100} and
{430} planes when annealed in the range of 1100° to 1300°C.14

These results suggest that below 1300°C, where the boundary
facets, the population of symmetric boundaries falls to zero while
the peaks at boundaries with {100}�{043} configurations increase
further. However, the present experiment was conducted at a
temperature where the symmetric boundary was stable. In contrast
to bicrystal experiments, where the macroscopic interface plane is
constrained, the present experiment is sensitive to the entire range
of boundary orientations. Hence, we observed both the stable
symmetric interface as well as the more populous asymmetric
configuration.

(4) Final Remarks
While the relationship between the surface energy anisotropy

and the grain boundary energy anisotropy is a potentially useful
simplifying principle, defining the ranges of conditions where it
applies will require further research. For example, in materials
with very little surface energy anisotropy, such as close-packed
metals, variations in the binding energy that result from planar
coincidence in the boundary are likely to dominate the grain
boundary energy anisotropy. However, some support for the
surface energy hypothesis can be found in the literature. For
example, it has been noted that the grain boundary planes in a
number of minerals are frequently orientated in low-index (and
presumably low-energy) orientations.15,16 Even in metals, where
the surface energy is much more isotropic, past studies have noted
the anisotropy of grain boundary planes and the tendency to facet
on low-index planes.17,18

V. Summary

The grain boundary population in SrTiO3 is correlated to the
sum of the energies of the surfaces comprising the boundary. More
boundaries are terminated by low-energy {100} planes than any
other orientation. These observations suggest that the grain bound-
ary energy is correlated to the surface energies of the planes on
either side of the boundary and that the binding energy between the
two surfaces is approximately constant. Two exceptions were
identified: low-angle boundaries and the coherent twin where the
boundary is comprised of two (111) planes rotated by 60°. In these
special cases, it is assumed that the high degree of planar
coincidence at the interface results in a significant increase in the
binding energy.
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