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The multiplicity of distinct grain boundary configurations in
polycrystals has made it difficult to determine the relative
frequency with which each configuration is adopted. As a
result, the physiochemical properties of each boundary and the
influence of the distribution of boundaries on macroscopic
materials properties are not well understood. Using a semiau-
tomated system, we have measured all five macroscopically
observable degrees of freedom of 4.1 � 106 boundary plane
segments making up 5.2 � 106 �m2 of grain boundary
interface area in a magnesia polycrystal. Our observations
demonstrate that not all grain boundary configurations occur
with the same frequency and that the relative free energies of
the different interfacial configurations influence the popula-
tion distribution. Furthermore, the results indicate that rela-
tive grain boundary energies can be estimated based on the
free surface energies.

I. Introduction

DISTINCT grain boundary configurations in centrosymmetric
crystals can be discriminated based on their five macroscopic

degrees of freedom: three describe the misorientation between the
adjacent crystallites and two describe the orientation of the
boundary plane separating the two crystals.1 Because the domain
of boundary types is five-dimensional, the number of distinguish-
able boundary configurations that can occur in nature is too large
to be practically sampled by traditional microscopies that require
the continuous attention of a human operator. For example, if one
resolves the macroscopically observable parameters of grain
boundaries in a cubic material with 5° of resolution, then there are
�2 � 105 distinct configurations.2 The result of this natural
complexity is that little is known about how grain boundaries in
real polycrystals occupy the possible configurational states or how
the physical and chemical properties of boundaries vary with
configuration.

The purpose of this communication is to demonstrate that
automated microscopic analysis can now be used to overcome the
difficulty of sampling large numbers of grain boundaries. We have
measured all five degrees of freedom of 4.1 � 106 grain boundary
plane segments in a magnesia polycrystal and present here a brief
overview of the methods used and the principal findings. Our
analysis demonstrates that there is significant texture in the space

of grain boundary orientations and that boundaries are configured
to achieve relatively low energies.

II. Experimental Method

The preparation and characteristics of the magnesia specimen
used for this study have already been described in detail.3 Briefly,
the sample was hot-pressed at 1700°C, annealed for 48 h at
1600°C, and had a grain size of 109 �m. The grain boundary
positions were revealed by thermally etching the polished surface
at 1400°C in air. Grain boundary configurations were determined
using a combination of scanning electron microscope (SEM)
images and electron backscattered diffraction patterns (EBSPs)
automatically acquired at regular intervals on the sample surface.
The SEM images were recorded in slightly overlapping regions to
determine the boundary positions and the EBSPs were recorded
periodically to determine the grain orientations. The pixel resolu-
tion in the SEM images was 0.25 �m and the spacing between
grain orientation measurements was 8 �m. After a surface area of
�6 mm � 1.5 mm was characterized in this way, a known
thickness of material (averaging 7 �m) was removed by polishing.
This process was repeated to accumulate data from five layers.

The microscopic data must be analyzed in a global reference
frame. After correcting for the instrumental distortions of the
images and grain orientation maps, a reference frame was estab-
lished for each layer by considering the correlations in the
overlapping regions.4 Grain orientations were assigned based on
the individual EBSPs in the same area. After rejecting anomalous
measurements, final assignments were made by averaging the
individual orientation measurements within each grain. The paral-
lel sections in the data set were fixed in a single reference frame
using a transformation that maximizes the area of overlap between
positions in adjacent layers having the same orientation. By
comparing the spatial overlap of grains with similar orientations on
adjacent layers, it was possible to identify parts of single grains in
different planar sections; more than 5000 distinct grains were
identified in this way. Finally, common grain boundaries on
adjacent layers were used to create a meshed interfacial surface.
Every fourth pixel along a boundary served as the vertex of one of
4.1 � 106 triangular elements. Each element represents an ob-
served grain boundary plane segment for which the orientation of
the boundary and the misorientation across the boundary are
known.

The five-dimensional space of grain boundary types was dis-
cretized into 6561 distinguishable configurations. The symmetry
and inhomogeneity of the space were considered so that each
discrete configuration was associated with the same volume of the
space.5 This was accomplished by using three Euler angles (�1, �,
and �2) to describe the misorientation and two spherical angles (�,
�) to describe the boundary plane normals. The misorientation
parameters—�1, cos �, and �2—range from 0 to �/2, 1, and �/2,
respectively, and were discretized in units of ��1 	 10°, �(cos
�) 	 1/9, and ��2 	 10°. The boundary plane parameters, cos �
and �, range from 0 to 1 and 2�, respectively, and were discretized
in units of �(cos �) 	 1/9 and �� 	 10°. This scheme, which
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creates equal volume partitions in the five-dimensional space, also
leads to discrete grain boundary configurations that span different
ranges of the angular parameters. However, on average the angular
resolution was 10° for each of the five parameters. After the area
of each observed grain boundary plane was added to its corre-
sponding discrete configuration, the results were normalized by the
total area so that the sum in each partition is a multiple of a random
distribution (MRD).

III. Results

To view the observed distribution in the five-dimensional space
of grain boundary configurations, a fixed misorientation is chosen
based on an axis-angle pair, and the distribution of boundary
orientations is plotted on a stereographic projection. For example,
the data illustrated in Fig. 1(a) show the distribution of grain
boundary orientations for all boundaries with a 35° misorientation
about the [110] axis. As expected, the grain boundary planes are
not distributed randomly. While the observed distribution is
different for different axis-angle combinations, the relative popu-
lation of the different boundary orientations at any specific point in
misorientation space always varies by more than a factor of 2. For
brevity, the discussion in this communication will be limited to the
features in Fig. 1(a) that are characteristic of the grain boundary
plane distribution at all points in misorientation space.

The results in Fig. 1(a) show that {100} grain boundary planes
occur more frequently than any other type. In fact, for all
misorientations greater than 15°, the maximum in the grain
boundary distribution always occurs at {100}. For smaller misori-
entation angles, the {110} type planes are also highly populated.
While we do not intend to discuss the low-angle boundaries further
in this communication, the high population of {110} planes is
thought to be connected to dislocation structures at the interface.6

When the geometrically necessary dislocation density is calculated
according to Frank’s equation,7 we find the minimum dislocation
density for boundaries with {110} planes.

The spreading of the maxima in Fig. 1(a) is easily understood
when one considers the interface geometry. Note that when the
misorientation is fixed and one member of a bicrystal pair is
terminated by a {100} plane, the index of the geometrically
required complement will have to differ from {100} by the
misorientation angle, in this case, 35°. The presence of these
boundary complements explains the spreading of the maxima
away from {100}.

The illustrations in Fig. 2, constructed using all of the observed
grain boundary segments, clearly demonstrate that {100} bound-
ary planes are preferred throughout misorientation space. Figure
2(a) shows that the grain boundary population, normalized to
remove misorientation texture bias, increases as the minimum
angular deviation of the two boundary plane normals from 
100�
decreases. If the grain boundary planes predominantly have {100}
orientations, then their lines of intersection (triple lines) must also
show a preference for 
100� directions. This is confirmed in Fig.
2(b).

One possible explanation for the predominance of boundaries
with {100} orientations is that such boundaries have a relatively

Fig. 1. (a) The observed distribution of grain boundary planes, plotted in
stereographic projection for a misorientation of 35° around the 
110� axis,
which lies in the plane of projection. The {100}, {110}, and {111}
orientations are marked with black, gray, and white circles, respectively.
The mirror plane perpendicular to the axis of misorientation results from
the combined effect of the diad along [110] and the inversion symmetry of
the bicrystals. (b) Hypothetical grain boundary energies for the same
configurations derived from the surface energies.

Fig. 2. (a) Normalized values of the grain boundary population as a
function of the minimum angular deviation of the two boundary plane
normals from 
100�, �100. At each value of �100, the average of all
normalized values within a 2.74° range is represented by the point; the bars
indicate 1 standard deviation above and below the mean. (b) Stereographic
projection of the crystallographic distribution of triple line directions. The,
[100], [110], and [111] directions are marked with black, gray, and white
circles, respectively.
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lower energy and that during the extended high-temperature
anneal, boundaries in the sample adopted configurations that
minimize the total grain boundary energy. To test this idea, the
energies reconstructed from observations of grain boundary triple
junctions can be compared with the grain boundary distribution. In
this data set, there were 1.9 � 104 triple junctions. By assuming
the Herring8 condition of local equilibrium and applying the
capillarity vector reconstruction method, it is possible to estimate
the relative energies over all five degrees of freedom.9 The results
from this process, which will be described in detail elsewhere,
show that {100} boundaries have relatively low energies. We used
the Spearman rank-order correlation coefficient10 to measure the
degree of correlation between the normalized population of grain
boundaries and the reconstructed grain boundary energy through-
out the entire data set. Values of this correlation coefficient range
from �1 to 1, which indicate perfect inverse and direct correlation,
respectively. The intermediate point, 0, indicates no correlation. In
this case, the correlation coefficient between the observed popu-
lation of different configurations and the grain boundary energy
was �0.77. This is a substantial inverse correlation.

The relationship between the population and the reconstructed
energies can be illustrated by plotting the mean occupancy of
boundary configurations with the same energy (see Fig. 3). The
plot convincingly demonstrates that grain boundary configurations
with relatively high energies are underpopulated while low-energy
configurations are more numerous. Based on this observation, we
hypothesize that the microstructure of our sample, which resulted
from extensive grain growth at 1600°C, has adopted configura-
tions in the five-dimensional space that minimize the total grain
boundary energy.

IV. Discussion

Perhaps the most intriguing question to arise from these data is,
what is the fundamental basis for the relatively low energy of
{100} boundaries? Interestingly, earlier measurements of the
orientation dependence of the surface energy of magnesia, con-
ducted in our lab on the same sample, indicated that the (100)
plane has the minimum energy. The energies of the (110) and
(111) surfaces are 7% and 17% higher than (100), respectively.11

The ordering of these energies is consistent with the assumption
that the surface energy is proportional to the density of broken
bonds. If we assume that the excess free energy of a high-angle
grain boundary also originates primarily from the broken bonds,
then it follows that the grain boundary energy should be related to
the energies of the free surfaces that bound the crystals on either
side of the boundary. Specifically, we can adopt the idea originally

proposed by Wolf12 that the grain boundary energy is the sum of
the two surface energies that make up this boundary, minus a
binding energy that reflects the energy returned when bonds across
the boundary are reformed. For general boundaries, where the
repeat units of the two free surfaces do not form a commensurate
structure and the misorientation cannot be created by a set of
nonoverlapping dislocations, the density of reformed bonds and,
therefore, the binding energy should be constant. This indicates
that the anisotropy of the sum of the two free surface energies
represents the anisotropy of the energy of general boundaries.

When the energy anisotropy of the grain boundaries, as repre-
sented by the sum of the two surface energies, is compared with
the boundary distribution, a substantial inverse correlation is
observed. For example, in Fig. 1(b), the anisotropy predicted from
the sum of the two surface energies is compared with the observed
distribution of boundaries with a 35° misorientation about the

110� axis. To demonstrate that the inverse correlation apparent in
Fig. 1 is persistent throughout the data set, we have again used the
Spearman rank-order correlation coefficient10 and found that the
correlation of the boundary population and hypothetical energies is
�0.76.

V. Conclusions

Our observations of the distribution and energies of grain
boundaries have several interesting consequences. First, there are
preferred orientations for grain boundary planes in MgO. Second,
the population distribution exhibits a substantial inverse correla-
tion with the grain boundary energy. This suggests that during
grain growth, boundaries configure their orientations not only to
maintain local equilibrium at the triple lines, but also to minimize
the total grain boundary energy. Surprisingly, the variations in the
energies of general boundaries correlate well to a model based on
the free surface energies of the constituent planes. This result
suggests that the energies of grain boundaries, like the energies of
free surfaces, are strongly influenced by the density of broken
bonds that are required to form the interface. Examining the
generality of this conclusion is one of the potential applications for
this new method of grain boundary texture analysis.
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Fig. 3. Normalized values of the grain boundary population as a function
of the reconstructed grain boundary energy. The average of all normalized
values within a range of 0.016 au is represented by the point; the bars
indicate 1 standard deviation above and below the mean.
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