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Microstructure-level residual stresses occur in polycrystalline
ceramics during processing, as a result of thermal expansion
anisotropy and crystallographic misorientation across the
grain boundaries. Depending on the grain size, the magnitude
of these stresses can be sufficiently high to cause spontaneous
microcracking when cooled from the processing temperature.
They are also likely to affect where cracks initiate and
propagate under macroscopic loading. The magnitudes of
residual stresses in untextured and textured alumina samples
have been predicted using experimentally determined grain
orientations and object-oriented finite-element analysis. The
crystallographic orientations have been obtained using
electron-backscattered diffraction. The residual stresses are
lower and the stress distributions are narrower in the textured
samples, in comparison with those in the untextured samples.
Crack initiation and propagation also have been simulated,
using a Griffith-like fracture criterion. The grain-boundary-
energy:surface-energy ratios required for computations are
estimated using atomic-force-microscopy thermal-groove
measurements.

I. Introduction

RESIDUAL stresses form in polycrystalline ceramics during pro-
cessing, as a result of thermal expansion anisotropy and

crystallographic misorientation across the grain boundaries. Dur-
ing formation of the microstructure, boundaries with higher
mobilities and energies are likely to be eliminated, thereby
changing the distribution of lattice orientations and misorienta-
tions. This process is expected to change the distribution of grain
orientations (and misorientations) with increasing grain size to a
distribution that is less random. Therefore, the magnitude and

distribution of stresses are likely to be dependent on the grain size
and degree of texture in the samples.

When a polycrystalline material with noncubic crystal symme-
try is subjected to a temperature change, each grain will attempt to
strain differently than its neighbors, resulting in residual stresses
and strains in the material. In brittle materials, the thermal strains
that result during cooling from the sintering temperature can be
comparable to the fracture strain of the material, leading to internal
cracking (also known as spontaneous microcracking). The onset of
microcracking is dependent on the grain (crystal) size; below a
critical value, no spontaneous microcracking occurs. Although the
stresses generated in a material are not dependent on the grain size,
the ability of the material to convert the total strain energy to
fracture energy is grain-size-dependent. Assuming that enough
stress and potential microcrack formation sites are available, the
formation of microcracks in ceramics has been shown to be
governed by the stored elastic strain energy.1

Highly textured microstructures have been shown to reduce
the residual stresses and cracking associated with thermal
contraction anisotropy in alumina drastically.2 More recently, it
has also been shown that, under multiple Hertzian indentation
loadings, the damage evolution rate is much lower for textured
samples.3 In addition to grain size and texture in samples,
grain-shape distribution and the extent to which stress relax-
ation mechanisms are active will also influence the variation of
residual stresses. However, for the purpose of this paper, no
stress relaxation mechanisms are assumed to be active.

Residual stresses are critical to the R-curve behavior that
occurs in some ceramics. In ceramic-containing components,
macroscopic residual stresses also result, because of thermal-
expansion mismatch between different materials.4 The interac-
tion between macroscopic and microscopic residual stresses can
significantly influence the crack initiation and propagation in
the ceramic and affect the component reliability.

This paper presents a methodology to predict residual
stresses in ceramics, using experimentally determined grain
orientations in conjunction with object-oriented finite-element
analysis (OOF). The critical temperature for microcrack forma-
tion in alumina is also predicted, as a function of grain size.
Crystallographic orientations and relative grain boundary ener-
gies required for predictions are obtained using electron-
backscattered diffraction (EBSD) and atomic force microscopy
(AFM), respectively. The stresses and stress distributions in
untextured and textured alumina are compared. A recent study
applied a similar approach to predict residual stresses in
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alumina, using computationally generated microstructures and
randomly assigned grain orientations.5

II. Experimental Details

(1) Materials Studied
The untextured samples used in this study were obtained from

D. Kovar at the University of Texas at Austin (Austin, TX). The
samples were prepared from 99.99%-pure alumina powder (AKP-
50, Sumitomo Chemical America, New York).‡ The powder was
compacted in a uniaxial press at 28 MPa and then isostatically
pressed at 280 MPa. The pressed pellets were packed in a crucible
with the parent powder and fired at 1600°C. Two sets of samples,
with average sizes of 10 and 27 �m, were produced. Details of the
processing can be found elsewhere.6 Surfaces of the samples were
prepared using an automatic polisher (Model PM5, Logitech, Ltd.,
Westlake, OH). The samples were initially lapped with 9-�m
alumina slurry, followed by a final polish with 0.05-�m colloidal
silica (pH 10).

The textured alumina samples were obtained from D. Bran-
don (Technion–Israel Institute of Technology, Haifa, Israel).
They were prepared by gelcasting lay-up tapes that contained
aligned alumina platelets. The final microstructure had non-
equiaxed, platelike grains and a very strong preferred orienta-
tion with the c-axis perpendicular to the plane of the tapes.7

Typical grain dimensions were 28.5 �m � 4.7 �m.

(2) Electron-Backscattered-Diffraction Measurements
The orientations of individual grains on the surface of samples

were obtained using electron-backscattered diffraction (EBSD).
The technique involves use of an electron beam incident on a
sample tilted at 70° to the electron-beam normal. The interaction of
the electron beam with the sample generates a diffraction cone that
can be recorded on a phosphor screen. The patterns (known as
Kikuchi diffraction patterns) can be indexed to determine the
orientation of each grain, with reference to a reference axis. The
patterns were collected using scanning electron microscopy (SEM)
(Model XL40FEG, Philips Research Laboratories, Eindhoven, The
Netherlands). Scans were performed in a hexagonal grid with a
spacing of 3 and 1.5 �m in untextured and textured samples,
respectively. The grid of measured orientations defines the posi-
tion and size of each grain. A commercially available system,
Orientation Imaging Microscopy® (OIM) (TexSEM Laboratories,
Inc., Draper, UT) was used to collect and index the patterns
automatically. This system allows a large population of grains to
be identified.

(3) Atomic-Force-Microscopy Groove Measurements
The width and depth of the thermal grooves formed at the grain

boundaries were measured using atomic force microscopy (AFM),
to determine the ratio of the grain-boundary free energy (�gb) to
the surface free energy (�s).

8 Dihedral angles were measured using
a stand-alone AFM apparatus (Model SAA-125, Digital Instru-
ments, Tonawanda, NY) that was positioned above the sample
mounted on an X–Y translation stage (Model TSE-150, Burleigh
Instruments, Fishers, NY) with a reproducible position resolution
of 50 nm. (Readers are referred to the work of Saylor and Rohrer8

for a detailed description of the method.) The samples were
thermal-grooved at 1600°C for 100 h. The ratio �gb/�s was
obtained using the simplified Herring equation: �gb/�s � 2 cos
(�/2), where � is the surface dihedral angle.8 This equation
assumes that the surface energies are isotropic, the grain-boundary
plane is perpendicular to the macroscopic sample surface, and the

grain-boundary energy is a function of misorientation alone and
not a function of the boundary-plane inclination.

III. Finite-Element Analysis

(1) Object-Oriented Finite-Element Analysis
Object-oriented finite-element analysis (OOF) was developed at

NIST.9,10 It is designed to investigate the response of microstruc-
tures to mechanical and thermal loads. The program performs
thermoelastic calculations in two dimensions (plane strain or plane
stress) using three-node triangular elements. Several “smart”
meshing schemes, based on energy minimization, are available to
mesh curved features, such as grain boundaries. A digital image of
a microstructure, obtained either via optical/electron microscopy
or as a result of a computer simulation, can be used for analysis.
The crystallographic orientations obtained via EBSD were input
manually as a set of Euler angles (�, �, �). The elastic stiffness
constants used for �-alumina (trigonal crystal symmetry) in the
analysis were as follows: C11 � 497 GPa, C12 � 163 GPa, C13 �
111 GPa, C14 � �23.5 GPa, C33 � 498 GPa, and C44 � 147 GPa.
The coefficients of thermal expansion (CTEs) used for �-alumina
in the analysis were as follows: �11 � 8.6 � 10�6/°C and �33 �
9.3 � 10�6/°C.11 Based on this data, a finite-element grid with
associated properties is generated on which mechanical and/or
thermal loading can be applied. Then, a solution is obtained for the
specified boundary conditions, distortion, and temperature change.
The calculations were performed assuming that the plane stress
(	33 � 0) and free boundary conditions mimicked unconstrained
cooling of a thin plate from its sintering temperature.

(2) OIM-2-OOF Code
The methodology of manually assigning properties to various

grains in a microstructure works well when working with smaller
microstructures (�100 grains). The objective of this work was to
analyze stresses and stress distributions in large microstructures, to
gather statistically reliable data. Therefore, an analysis code
(OIM-2-OOF) was developed that allows crystallographic orien-
tations from OIM to be directly imported into OOF. An OIM scan
is typically conducted in a hexagonal grid, where the user specifies
the step size and the x- and y-axis ranges for the scan. The
OIM-2-OOF code converts the data from the hexagonal grid to a
square grid, generates an image, and writes an intermediate file
that contains information regarding the grains and their respective
crystallographic orientations. This code allows the user to analyze
residual-stress distributions in large microstructures (
600 grains)
with relative ease. The code also detects grain boundaries and
assigns respective relative grain-boundary energies (obtained by
groove measurements) automatically.

(3) Crack Propagation in Ceramics
The elements in the OOF code are designed to fail under a

Griffith-like strain-energy-based criterion. The elements crack
when the required surface energy can be supplied by the stored
strain energy per crack extension (�L), i.e.,

1

2
	ij

elem�ij
elem

Aelem

�L
� 2� (1)

where Aelem is the element area and � is the surface energy of the
cracked interface; �ij

elem and �ij
elem are the respective stresses and

strains in the elements.
The analysis involves the following steps:
(1) Thermal and mechanical loads are applied and the

microstructure is equilibrated to determine stress/strain distri-
bution.

(2) The energy balance is computed and, if an element
satisfies the energy criterion for cracking, the stiffness of the
element is set to zero.

(3) The microstructure is re-equilibrated and the stress
distribution is recalculated.

‡Certain trade names and company products are mentioned in the text to specify the
experimental procedure and equipment used adequately. In no case does such
identification imply recommendation or endorsement by the National Institute of
Standards and Technology, nor does it imply that the products are necessarily the best
available for that purpose.
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Fig. 1. Residual-stress distribution in untextured alumina when �T � �1500°C ((a) microstructure with grain normals given by the stereographic
triangle, (b) stress invariant 1 (	11  	22), and (c) maximum principal stress (	11)). Values in Figs. 1(b) and (c) are given in MPa.
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(4) Steps (1)–(3) are repeated until no more elements
mutate or one or more cracks become unstable, causing fracture
into two or more fragments.

IV. Results and Discussion

(1) Residual-Stress Distributions in Untextured and
Textured Alumina

Residual stresses in alumina (�650 grains) that are due to its
thermal-expansion anisotropy were estimated using the OIM-2-
OOF and OOF codes. The OIM orientation map of the untextured
microstructure (grain size of 27 �m) is shown in Fig. 1(a). The
grains are color-coded, where each color represents an orientation
normal to the specimen surface, as shown by the stereographic
triangle in the figure. The pole figures from EBSD data showed a
maximum multiples-of-random-distribution (MRD) value of 2.
The OOF simulation used 117 612 elements. Figure 1 shows the
microstructure (OIM output), stress invariant 1 (	11  	22), and
maximum-principal-stress distribution for a temperature change of
�T � �1500°C. The highest maximum principal stress was fairly
large (�530 MPa). The highest stresses were localized at the grain
boundaries and triple junctions and four-grain junctions and
decrease rapidly away from the boundaries, as shown by the
example of two adjoining grains in Fig. 2. The residual-stress
distributions were almost identical in the 10- and 27-�m samples,
which indicates that grain size has a negligible effect (orientations
were random in both cases). The stresses within the grains
(�100–200 MPa) compare favorably with those measured via
spectroscopic12 and fluorescence imaging.13 Regions of high
tensile and compressive stresses seem to exist on a scale that is
larger than the grain size (Fig. 1). To test the idea that these regions
were correlated to local orientation correlations, an orientation-
averaging procedure was developed. The description of the orien-
tation of each element was reduced to a single parameter (q) with
a range of 0–�/2, which denotes the angle between the c-axis and
the vector normal to the macroscopic sample surface. Then, the
orientation at each element was recalculated as the average of all
q values in an N � M element area centered on the element, where
the N � M area is larger than the grain size. Two-dimensional
plots that show the spatial variation of the average orientation
showed regions of similar q values that were larger than the grain
size and strongly correlated to the distribution of maximum
principal stress in Fig. 1(c). The regions with low q values, or near
c-axis orientations, had relatively low maximum principal stresses
(in compression) associated with them, whereas regions with high
q values were regions of relatively high maximum principal stress
(in tension). Analysis is continuing to attempt to quantify these
observations.

Residual stresses were also predicted for textured alumina.
The sample had a c-axis texture with a maximum MRD value of
90. The number of grains and the total number of elements

(117 612) were the same as those used to analyze the untextured
sample. As one would expect, the stresses were much smaller in
this sample, in comparison with randomly oriented samples.
The largest maximum principal stress was �415 MPa. Figure 3
shows the microstructure, stress invariant 1, and maximum
principal stress for a temperature change of �T � �1500°C.
The number of elements versus their stress value (stress
invariant 1) is plotted for both textured and untextured sample
in Fig. 4. The number of elements with high stresses is much
smaller in the textured sample than in the untextured sample. In
both cases, the number of elements with high stresses is very
small. In the untextured sample, �5% of the total elements had
high stresses (greater than 250 MPa and less than �250 MPa).
The corresponding number in the textured sample was �0.4%.

Stress predictions were also made on periodic equiaxed
microstructures that were generated by the Pott’s model14 to
validate the boundary conditions. The residual stresses in the
original microstructure and a periodic microstructure with a
periodicity of 3 � 3 (9 times larger than the original image)
were compared using free boundary conditions. The stresses
and stress distributions obtained in both cases were almost
identical, which indicates that free boundary conditions (free
edges) do not lead to any artificial effects.

Note that the stress calculations are purely elastic and assume
that no stress-relaxation mechanisms are active. In reality,
diffusional flow, plastic deformation, and microcracking will
relax the constraints between the grains and reduce the residual
stresses.

(2) Crack Initiation and Propagation
In brittle materials such as ceramics, cooling from the sintering

temperature (�1550°C for alumina) can create sufficiently high
stresses to cause microcracking. This microcracking behavior,
which is due to thermal-expansion anisotropy, exhibits a critical
grain-size relationship. For a given temperature decrement (critical
temperature Tc), specimens with grain sizes larger than a critical
size have been shown experimentally to experience microcracking,
whereas specimens with smaller grain sizes do not.15,16 The
microcrack initiation and propagation and the effect of grain size
on cracking was determined using the microstructure shown in Fig.
5.

The energy required for crack propagation through a grain is
denoted as 2�s, and that through a grain boundary (intergranu-
lar) is defined as 2�ig � (2�s � �gb) (where �s is the surface
energy of grains and �gb is the grain-boundary energy). The
surface energy of grains was taken as �s � 2 J/m2. AFM
measurements were made on every boundary in Fig. 5, and the
value of �ig varied over a range of 0.59 –1.17 J/m2, with an
average value of 0.89 J/m2. The grain-boundary elements were
assigned the elastic properties of glass (isotropic crystal sym-
metry): elastic modulus of E � 70 GPa, CTE of � � 9.5 �
10�6/°C, and Poisson’s ratio of � � 0.23. The elements in the
model that represent grains were assigned a surface energy of �s

� 2 J/m2 and the boundary elements were assigned their
respective �ig values. The surface-energy anisotropy in alumina
has been reported to be �12% at 1600°C.17 However, in the
present analysis, the surface energy of alumina is assumed to be
isotropic.

Microcrack propagation was simulated with an increasing
temperature difference using the procedure described in Section
III(3). Figure 5 shows the initiation of microcracks at the triple
junctions when �T has a value between �925°C and �1500°C.
The largest stress intensification has been shown numerically to
occur at the triple junctions.18 When the temperature difference
(thermal strain) increased, microcracks initiated at new sites
and a coalescence of microcracks was also observed to form
large cracks. As can be observed, damage occurred at several
regions and some of the boundaries were completely cracked.

The effect of grain size on the critical temperature for
microcracking in alumina was also determined using the mi-
crostructure in Fig. 5 by varying the dimensions of the image;

Fig. 2. Change in residual stress across a grain boundary for two
grains (Euler angles are shown in brackets).
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Fig. 3. Residual-stress distribution in textured alumina when �T � �1500°C ((a) microstructure with grain normals given by the stereographic
triangle, (b) stress invariant 1 (	11  	22), and (c) maximum principal stress (	11)). Values in Figs. 3(b) and (c) are given in MPa.
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i.e., different length scales were used to represent different
grain sizes. The fracture criterion can be implemented either by
scaling up the finite-element mesh along with the microstruc-
ture or by maintaining a constant element size. In the first case,
the element size (area) is proportional to the square of the
average grain size (gs): Aelem � (�L)2 � (gs)2. Therefore, the
microcracking criterion is mesh-dependent, because, from Eq.
(1),

2� �
1

2
	ij

elem�ij
elem

Aelem

�L
�

1

2
�ij

elem�ij
elem�L (2)

Also, the residual stresses and strains are proportional to �T and
the above-described criterion can be rewritten as

1

2
	ij

elem�ij
elem�L � ��T�2�gs� � 2� or �T �

1

�gs�1/ 2 (3)

Hence, any physical effect can only be found if the same element
size is used in both fine- and coarse-grained structures. In the
simulations, coarse-grained microstructures were generated by
enlarging the original structure. However, the element size was
kept constant.

The properties of the grain-boundary glass phase are expected
to influence the stress distribution and critical temperature for
microcracking. Two different glass compositions were considered
for the grain-boundary phase, namely, a high-CaO glass and a
high-MgO glass. A high-CaO glass has a CTE of � � 9.5 �
10�6/°C, which results in tensile residual stresses at grain bound-
aries, whereas for a high-MgO glass (� � 5 � 10�6/°C),
compressive stresses result at the grain boundaries.19 These
compositions and associated properties were chosen because they
represent the bounds on the types of grain-boundary glass phase
typically found in alumina. The intergranular fracture energy of all
boundaries was assigned a value of 0.89 J/m2 (average measured
value).

Figure 6 shows the effect of grain size on the critical
temperature for microcracking. As shown, the data fit the
experimentally observed inverse-square-root relationship16

very well. The critical grain size for microcracking for an
alumina sample that has been cooled from a 1600°C sintering
temperature with a high-CaO glass (� � 9.5 � 10�6/°C)
grain-boundary phase was 188 �m, and that with a high-MgO
phase (� � 5 � 10�6/°C) was 29 �m (trend lines in Fig. 6
represent extrapolated values). Experimentally, critical grain
sizes of 40 – 400 �m have been reported.20,21 Note that plane-
stress conditions underestimate the residual stress; hence, in
reality, the critical grain sizes are expected to be smaller.

In addition, the grain-size distribution is also likely to
influence the critical size for microcracking. It was reported
recently that large grains may be in favorable orientations with

their neighbors and, therefore, may have little stress concentra-
tion at their grain boundaries.5 Similar qualitative observations
have been made in the present study, where more cracks are
observed around small grains than large grains. It is important
to note that, in addition to stresses, other factors that determine
the onset of microcracking include the size and location of
existing flaws, because these can act as nucleation sites for
microcracks. It has been shown that the inverse-square-root
relationship observed here for microcrack initiation is valid for
damage evolution with increasing misfit strain, and the behav-
ior can be described by a three-parameter Weibull distribu-
tion.22

(3) Effect of Grain-Boundary Thickness
In the above-described crack-propagation analysis, it was as-

sumed that, when the glass phase is present, all grain boundaries
are wet and the boundary thickness is constant. The wetting of
interfaces and the thickness of boundaries have been shown to be
far more complicated. The wetting behavior is dependent on the
crystal misorientation and boundary orientation,23 and the thick-
ness of the grain-boundary phase, when it exists, is on the order of
1–10 nm.24 Three-dimensional Wulff constructions have shown
that transitions from dry to partially wetted to fully wetted
boundaries are dependent on the grain-boundary misorientation,
grain-boundary-plane orientation, and the energies of the grain

Fig. 4. Residual-stress distribution in textured and randomly oriented
alumina samples, showing the number of elements versus stress (stress
invariant 1).

Fig. 5. Microstructures of untextured alumina showing different
grains. Figures indicate microcrack initiation and propagation with
increasing temperature difference. First crack initiated at �925°C.
Figures 5(a), (b), and (c) show cracks (elements in red) at �T � �925°,
�1200°, and �1500°C, respectively.
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boundary and the wetted interface.25 The initial separation be-
tween crystalline particles is also likely to have a role in the
presence and thickness of grain-boundary films.26

Because of computational limitations, a nanometer-scale
grain boundary could not be considered in the above-mentioned
analysis (Fig. 5). A set of calculations was obtained on a
smaller microstructure, to determine the effect of the boundary
thickness on residual stresses and the critical temperature for
microcracking (Fig. 7). The thickness of the boundary was
varied over a range of 20 –100 nm, and the grain boundary was
assumed to be a high-CaO glass phase (� � 9.5 � 10�6/°C).
The mesh size and the number of elements (379 904) were
maintained constant in the calculations. Table I shows the effect
of thickness on stress. As the thickness decreases, the stresses
increase, which is intuitive as the constraint on the grain
boundary from neighboring grains increases. The critical tem-
perature is also expected to increase as the thickness increases.
We observed that this phenomenon is related to the changes in
the stress and strain-energy density in the boundary region.
Note that the effects of stress relaxation and grain-boundary
thickness counteract each other; therefore, the use of an
artificially thicker grain boundary compensates, at least in part,
for the stress-relaxation effects that are not considered in the
analysis.

V. Conclusions

This study is the first to predict residual stresses in alumina
using measured experimental grain orientations. The magni-
tudes of residual stresses in untextured and textured alumina
were predicted using object-oriented finite-element analysis
and experimentally determined orientations. The stresses were
very high and localized at the grain boundaries. The residual
stresses were lower and the stress distributions were narrower
in textured samples, in comparison with those properties in
untextured samples. Microcrack initiation was simulated using
a strain-energy-based criterion and measured grain-boundary
energies. The increase in damage, relative to an increasing
temperature difference, occurred via both the formation of new
cracks and the propagation of existing cracks.
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